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i
A b stract
A  study lias been made o f the global solar oscillations known as p-mo des. The Sun is 
represented by a plane-parallel stra tified  plasma. Solutions are found to  the magnetohydro- 
dynam ic equations o f m otion in  such a plasma, and norm al mode frequencies are calculated 
by applying realistic boundary conditions to  these solutions. The norm al modes model solar 
p-modes.
For a model consisting of an isotherm al chromosphere w ith  a un ifo rm  horizontal 
magnetic field, i t  is demonstrated th a t modes may form  at all frequencies. Consideration is 
also given to  the related problem o f vertica l propagation o f fast magnetoacoustic waves in 
a un ifo rm  magnetic field.
A n  investigation is carried out in to  the observed solar cycle variations in  the fre­
quencies o f p-modes in  the classical, low  frequency range (1 -5  m Hz). A  possible mecha­
nism fo r the observed “ tu rnover”  effect is discussed. Through the use o f a modified Bohr- 
Sommerfeld condition, the effect o f a non-isothermal chromosphere is also considered, and 
a physical description o f chromospheric effects on p-mode frequencies is given.
The fo rm ation  o f modes above the acoustic cu t-o ff frequency is investigated. The 
theoretica lly calculated forms o f frequency sh ift curves in  th is high frequency range agree 
well w ith  observations.
The special case o f modes o f degree zero is also briefly examined. A  m athem atical 
fo rm u la tion  fo r such modes is constructed, and frequency shifts are determ ined fo r a simple 
chromospheric model atmosphere.
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C hapter 1
In tr o d u c tio n
1.1 T h e Sun
Throughout history, the Sun has occupied a central position in philosophy and 
science. P rim itive  peoples worshipped the Sun as a god, and the earliest astronomers used 
the re lative motions o f the Sun and the E arth  to  form  the basis o f our calendar. The idea 
th a t the E arth  revolved around the Sun, or th a t the Sun itse lf was not a ‘flawless’ object, 
challenged the philosophical and religious beliefs o f the time; and to  th is day, scientific study 
o f the Sun gives unique insights in to  universal physical processes.
The Sun is an average star, o f unexceptional mass and lum inosity, in the middle 
o f a re la tive ly stable phase o f its  evolution. W hat makes i t  exceptional to  us is obviously its 
p rox im ity . I t  is the only star which we can resolve as a disc, and whose ligh t we can study 
in  great detail. We can measure the to ta l energy i t  produces, and calculate its  mass from  
observations o f p lanetary motions. We can observe the many surface features i t  displays, 
and note how they vary in form  and in number over the years. B u t the opacity o f the 
m ateria l which makes up the Sun prevents us from  d irectly observing its  in terio r; the ligh t 
we receive on E a rth  can only te ll us about the very outermost layers o f the Sun. In  the past, 
descriptions o f the solar in te rio r have necessarily been based on conjecture and inference; 
we shall see, however, th a t a new m ethod o f solar observation promises to  give us unique 
in fo rm ation  about the solar in te rio r.
The in tention  o f th is in troduction  is firs tly  to  describe, in  general terms, the rel­
evant properties o f both  the Sun (section 1 .1 ) and its global oscillations (section 1.2). In 
doing th is we w ill brie fly introduce some o f the problems we wish to  tackle in the la ter chap­
ters o f the thesis. We go on to  introduce the basic physical laws governing these oscillations 
(section 1.3), and introduce some o f the m athem atical models we shall use (sections 1.4 
and 1.5). The chapter concludes w ith  an outline o f the thesis (section 1.6).
1 .1 .1  S o lar s tru c tu re
In  basic terms, the Sun is a ba ll o f m a tte r, which is thought to  have formed at 
some stage in  the past due to  the m utua l g rav ita tiona l a ttrac tion  o f its  constituents. As 
the embryonic Sun condensed, the tem perature at its  centre rose, u n til nuclear reactions 
could commence. From this po in t, the Sun settled in to  an equ ilibrium  where the outflow  
o f energy from  the centre balanced the centrally directed force o f gravity. We w ill assume 
th a t the Sun is in such an equilibrium  state, and can vary only in  the short term .
The to ta l mass o f the Sun is around 1.99 X 10^® kg, which would balance w ith  over 
300 000 Earths, and its  radius is 696 0 0 0  km , or over 100 times th a t o f the E arth . The Sun 
is largely composed o f two elements, hydrogen and helium, w ith  the form er comprising 90% 
o f the to ta l mass. Throughout the bu lk o f the Sun, m atte r exists in  the form  o f a plasma^ 
th a t is to  say an ionised gas.
The energy generation referred to  above takes place in  the core o f the Sun; tem ­
peratures in  the core are given by models to  be around 15 000 000 K . The photons produced 
through these processes are at very high energies, bu t the great opacity o f the in te rio r o f 
the Sun ensures th a t they are not im m ediately released in to space. Instead, as they venture 
outwards from  the core, they are repeatedly absorbed and re-radiated by ions at progres­
sively lower temperatures; th is region is known as the radiaiive zone. This process lowers 
the energies, and thus increases the wavelengths, o f the em itted photons. Those eventually 
em itted by the outerm ost layer, the photosphere., are o f wavelengths ly ing  w ith in  the optical 
range.
Im m ediately below the photosphere lies a region in which rad ia tion  alone cannot 
transpo rt energy efficiently enough. The process o f convection., or bu lk m otion o f plasma in 
a characteristic cellular pa tte rn , takes over as the m a jo r energy transport process, and so 
th is  region is known as the convection zone.
The photosphere is th in  compared w ith  the solar radius, w ith  a thickness o f only 
around 500km. However, th is region is the source o f the bulk o f the em itted ligh t. W ith in  the 
spectrum o f ligh t received at the E arth , i t  is possible to  detect dark absorption lines, where
lig h t o f a particu la r wavelength has been absorbed or scattered by particles in  the upper 
photosphere, and thus inh ib ited  from  reaching the Earth . A t the top o f the photosphere, 
the tem perature drops to  a m in im um  value o f around 4170K; th is po in t is referred to  as 
the temperature m inim um . This is also taken as the d iv id ing line between the solar in te rio r 
and the solar atmosphere, which we now describe.
Im m ediately above the tem perature m inim um  lies the region known as the chromo­
sphere. The tem perature rises gradually th roughout the chromosphere, which has a height 
o f around 2000km. Like the photosphere, the chromosphere is responsible fo r various ab­
sorption lines; indeed, the chromosphere is so named because o f its  colourful appearance in 
eclipses, caused by the scattering o f ligh t at certain wavelengths. The upper lim it  o f the 
chromosphere is formed by the trans ition  region, where the tem perature jum ps abrup tly  to  
several hundred thousand Kelv in ; above the trans ition  region lies the corona, which extends 
outwards in to  space.
1 .1 .2  S o lar m ag n etism  and th e  solar cycle
The b rie f outline o f solar s tructure given above om its any m ention o f one o f the 
Sun’s most fundam ental features: its  magnetic field. Any plasma element w ill suffer elec­
trom agnetic forces due to  other plasma elements, and these forces can be described in terms 
o f electric and magnetic fields. For most processes occurring on the Sun, we find th a t the 
m agnetic held acts as i f  i t  were ‘frozen in ’ to  the plasma, so configurations o f the magnetic 
field are o f the utm ost im portance in describing and modelling the solar features described 
below. The magnetic field is p a rticu la rly  im portan t when our interest lies in any o f the 
atmospheric features displayed by the Sun.
A  commonly used concept is th a t o f the plasma j3, which is usually defined as the 
ra tio  o f the gas pressure to  the magnetic pressure at a point. Thus a low-/? plasma w ill be 
dom inated by the magnetic fie ld, while a high-/? plasma w ill act v ir tu a lly  as i f  no magnetic 
field were present. In  the in te rio r o f the Sun, the intense gas pressure means th a t the plasma 
/? is very high; in  the chromosphere and corona, however, the re la tive ly strong magnetic 
fields and rarefied atmosphere ensure a low value fo r /?.
I t  is believed th a t magnetic fields are generated at the base o f the convection zone 
in  the form  o f flu x  tubes. These are self-contained ‘strings’ o f intense magnetic flux , which 
rise through the convection zone to  eventually emerge at the solar surface. The cellular
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Figure 1.1: Schematic fo rm  o f the chromospheric magnetic field, reproduced from  Spruit 
and Roberts (1983).
nature o f convective m otion acts to  aggregate flu x  tubes at the cell boundaries. A t  the 
emergent points o f the tube structures, the intense magnetic flelds create sunspots, dark 
areas on the solar surface. Sunspots are cooler than the surrounding solar surface, as the 
strong magnetic fields loca lly in h ib it convection.
In  the chromosphere, the magnetic flu x  fans out to  occupy the entire atmosphere. 
The magnetic field takes up m any forms, as depicted in  F igure 1 .1 , bu t above a certain 
height in the chromosphere, the magnetic field is approxim ate ly horizonta l in  alignment. We 
say th a t the magnetic fie ld exists in  the form  o f a magnetic canopy. Below the canopy, the 
atmosphere is largely devoid o f magnetic field, except where sunspots or intense flu x  tubes 
are emerging. This p icture is necessarily a simple one; there w ill be many local variations in 
the magnetic field topology, and the height o f the canopy w ill itse lf vary. However, there is 
some observational evidence fo r th is fo rm  o f magnetic field (GiovaneUi, 1980; GiovaneUi and 
Jones, 1982; Jones and GiovaneUi, 1983), and i t  provides a useful basis for m athem atical 
m odelling o f the chromosphere.
In  the corona, a varie ty o f interesting features such as prominences, flares and 
mass ejections result from  the configurations o f the magnetic field. The magnetic fie ld is 
also thought to play an im p o rta n t role in  the heating o f the corona, by such processes as 
the damping o f A lfvén waves. I t  is observed th a t solar magnetic features tend to  cluster 
in to  definite regions o f increased ac tiv ity ; these areas are known as active regions. The size 
and number o f active regions visible on the Sun varies, as we shaU now describe.
For several hundred years i t  has been observed th a t the Sun undergoes a cycle 
o f activ ity . For some years i t  w ill be quiet, w ith  few active regions and few sunspots. 
G radually the a c tiv ity  w ill increase, w ith  the solar la titude  at which the active regions are 
found follow ing a d istinctive pattern . A fte r a period o f m axim um  activ ity , the level o f 
which varies from  cycle to  cycle, the a c tiv ity  w ill decrease rapidly, and the cycle w ill s ta rt 
again. Th is process is known as the solar cycle. The average period o f the cycle is around 
10-11 years, and the last m axim um  occurred around the year 1989. The overall lum inosity 
o f the Sun does not vary s ignificantly over the cycle; i t  is sim ply those features which we 
custom arily associate w ith  the solar magnetic field which undergo marked cyclical changes. 
Thus the solar cycle is considered to  be fundam entally a magnetic effect.
This has been a necessarily b rie f description o f solar structure  and magnetism. For 
a more detailed account, see Priest (1982).
1.2 G lob al solar o sc illa tio n s
I t  is over th ir ty  years since the firs t report o f global solar oscillations was published 
(Leighton, 1960). Since then, a vast quan tity  o f observation has confirmed th a t the surface 
o f the Sun is oscillating, not randomly, but in a regular way. Analysis o f the surface velocity 
fluctuations reveals thousands o f ind iv idua l oscillations, each w ith  its  own d istinct frequency 
(L ibbrecht, W oodard and Kaufm an, 1990; Els w orth , Howe, Isaak, McLeod and New, 1990). 
The Sun is a v io lent, noisy object; there are many processes which could conceivably d isturb 
the solar surface. B u t how do these disturbances organise themselves to  create such regular 
motions? And w hat determines the ind iv idua l frequencies o f these oscillations?
1 .2 .1  F o rm a tio n
The fundam ental explanation was provided by U lrich  (1970) and la te r Leibacher 
and Stein (1971). They postulated th a t the surface motions are the visible effect o f the 
trapp ing  o f sound waves inside the Sun. Given a disturbance in  the solar in te rio r, sound 
waves w ill propagate outwards in  all directions. A  wave directed towards the centre o f 
the Sun w ill encounter progressively higher temperatures, and thus sound speeds, causing 
the end o f the wavefront nearer the centre o f the Sun to  trave l faster than the end nearer 
the surface. Th is has the effect o f tu rn ing  the wave around, through the horizontal, u n til 
the wave is propagating outwards, as depicted in Figure 1.2. Eventually the outward-
Figure 1.2: Schematic diagram depicting refraction o f plane wavefront propagating in a 
region o f rad ia lly  s tra tified  sound speed.
propagating wave w ill reach the solar surface. For waves w ith  frequencies less than a critica l 
value, the rap id  decrease in density at the surface acts to  reflect the wave; higher frequency 
waves can propagate through the surface w ith ou t significant reflection. The frequency which 
is classically taken as the d iv id ing line between these two cases is called the acoustic cu t-o ff 
frequency. This was firs t form ulated m athem atically for a generally stra tified  gas by Lamb 
(1932); th is frequency has a value o f around 5.3m IIz at the tem perature m inim um .
The conclusion is th a t waves o f a sufficiently low frequency can be trapped by 
re fraction w ith in  a fin ite  volume in  the solar in terio r. For a particu la r wave, we call the 
region in  which i t  is trapped its  cavity; i t  is the dimensions and properties o f th is cavity 
which select the d is tinct frequencies observed. In  essence, a standing wave is set up w ith in  
the cavity, and we call a particu la r configuration o f the standing wave w ith  respect to  the 
cavity a mode.
The process which selects the frequencies o f each mode is constructive interference, 
which operates as follows. For certain waves, the repeated processes o f refraction and 
reflection w ifi act in  such a way th a t the wave can re turn  to  retrace its orig inal ray path, 
as in  F igure 1.3, This is a firs t requirement fo r constructive interference to  occur; the 
consequence o f this requirement is the in troduction  o f the integer /, called the degree o f a 
mode. This is equivalent to  the number o f occasions on which the wave undergoes reflection 
during its trans it o f the Sun, so Figure 1.3 depicts a mode o f degree 1=4. Remembering 
th a t the Sun is a sphere, we see th a t th is corresponds to  the number o f great circles on the 
solar surface which are nodal lines for the standing wave.
The mode depicted in  Figure 1.3 penetrates deep w ith in  the Sun. Higher degree
■ 7
Figure 1.3: Schematic ray path fo r mode o f degree 1=4
modes w ill no t, however, be able to  travel fa r from  the solar surface. For such modes, we 
can effectively ignore the spherical nature o f the Sun, and trea t the solar surface as a plane. 
Th is approach is described fu rthe r in  section 1.4.1.
The second requirement is th a t once the wave has returned to  its  orig inal ray path, 
the wave w ill actually be in  phase w ith  the orig inal disturbance. Th is condition chooses 
the frequency o f the mode. Obviously, overtones w ill exist; these are classified by the whole 
num ber n, called the radia l order. This number corresponds to  the number o f nodes o f the 
standing wave on a radius o f the Sun.
Thus fo r our purposes, an ind iv idua l mode is defined by a pa ir o f numbers, the 
degree, Ü, and the rad ia l order, n. A  th ird  number, the azim uthal order m , tells us how 
many o f the surface nodal lines are perpendicular to  the equator. Since we ignore the effect 
o f solar ro ta tion , however, th is number is not invoked in our la ter analysis.
Note th a t the description given above is only adequate for modes o f non-zero 
degree. There also exist modes fo r which 7 =  0, th a t is to  say fo r which the whole solar 
surface is oscillating in  phase. Since the wavefront o f those waves responsible fo r these 
modes must be spherical, the process o f refraction described above cannot provide a base 
to  the cavity w ith in  the solar in te rio r. This special case is investigated in Chapter 6 .
The oscillations we have ju s t described are termed p-modes, a nota tion  introduced 
by Cowling (1941). This reflects the fact th a t pressure is the d riv ing  force behind the sound 
waves which form  the modes. O ther forms o f mode exist, in particu la r the fundamental
mode or f-mode, which can be viewed as the =  0 case o f p-modes, and g rav ity  modes or 
g-modes, fo r which the d riv ing  force is the buoyancy force upon a displaced plasma element. 
However, i t  is p-modes which make up the subject o f this thesis.
1 .2 .2  P ro p e rtie s
W hat are the specific properties o f p-modes, as revealed by observations? Since 
the firs t detailed observations o f p-modes, most reports have given the range o f frequencies 
observed as being from  around In iH z  to  around 5mHz, w ith  the peak o f power at around 
3.3mHz. This has led to  the name ‘5-m inute oscillations’ being applied to  p-modes. Since 
the acoustic cu t-o ff frequency is around 5.3mHz at the tem perature m in im um , and since 
in “ classical”  p-mode theory only waves w ith  frequencies less than the cu t-o ff can form  
standing waves, th is upper lim it  o f the observed range is much as expected. However, recent 
observations (L ibbrecht, 1988; Duvall J r., Harvey, Jefferies and Pomerantz, 1991; Fernandes, 
Scherrer, Tar bell and T itle , 1992; Ron an, C adora and LaBonte, 1993) have found modes, 
o f a sim ilar character to  p-modes, w ith  frequencies up to  around lO m llz  and beyond. Such 
high-frequency modes are discussed in Chapter 5.
Classification o f p-modes by the ir I and n  numbers leads to  an im portan t obser­
vation. If, fo r each o f a set o f modes o f various I and ?i, the cyclic frequency i/ is p lo tted 
against the degree /, an interesting pattern  emerges (Deubner, 1975). For each value o f 
n, the frequencies lie along near-perfect parabolic curves, as seen in  Figure 1.4, which has 
been constructed from  data supplied by K .G . Libbrecht. The lowest parabola consists o f 
modes w ith  n =  0 (the f-m ode), the highest w ith  n =  26; the frequency is measured in  mHz. 
The discovery th a t a simple m athem atical application o f the m ode-form ation theory given 
above could reproduce the parabolic character o f the observations was a crucial step in  the 
acceptance o f the cavity theory for p-mode form ation. We give such a simple application 
in  section 1.4.4 below.
The theory above predicts th a t p-mode properties w ill depend on the sound speed, 
and thus the tem perature, o f the solar in te rio r. Thus we can invert the problem, and, by 
observing many different modes, deduce the form  o f tem perature varia tion  w ith in  the Sun. 
This idea is the basis o f the subject o f helioseismology, named fo r its  correspondence to  
seismology, the study o f the in te rio r o f the E arth  through observations o f waves produced 
by earthquakes. Detailed descriptions o f helioseismological techniques and problems are
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Figure 1.4: Frequency (in  m Hz) vs. degree I fo r a to ta l o f 1840 observed modes, from  data 
supplied courtesy o f K .G . L ibbrecht, and published in Libbrecht, W oodard and Kaufm an 
(1990). The lowest curve corresponds to  order ?t=0 (the f-mode); higher curves are p-modes 
o f increasing order from  n = l  to  u=26.
given in  such reviews as Deubner and Gough (1984).
1 .2 .3  S o lar cycle varia tio n s  in  p -m o d e  frequencies
Frequencies o f ind iv idua l p-modes can be measured to  great accuracy, w ith  an 
error o f around one p a rt in  ten thousand. This precision has allowed observers to  detect 
slight bu t systematic changes in  the frequencies o f p-modes over the solar cycle.
Figure 1.5 shows the change in frequency, in  between observing sessions in 
the years 1986 and 1989, fo r the same 1840 modes depicted in F igure 1.4; between 1986 
and 1989, the Sun’s magnetic a c tiv ity  increased greatly. The frequency shift o f each mode 
is p lo tted against the frequency o f the mode in 1986. The scatter o f mode shifts forms a 
“ tru m p e t”  shape, the frequency un ifo rm ly  increasing fo r modes up to  around 3.5mHz, but 
then becoming less certain above this value. Some high frequency modes show a significant 
drop in  frequency.
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Figure 1.5: Frequency sh ift (in  ^iHz) vs. orig inal frequency (in  m Hz), fo r the 1840 modes 
depicted in  F igure 1.4. The sh ift is determined by comparing mode frequencies fo r the ‘ 
year 1986 (solar m in im um ) w ith  those for 1989 (solar m axim um ). D a ta  supplied courtesy 
o f K .G . Libbrecht. The solid curve depicts the averaged frequency shift.
The frequency sh ift o f a mode is approxim ately linearly dependent on the degree 
o f the mode. Taking th is /-dependence in to  account, we can average over a ll the available 
modes to  find  a frequency sh ift curve fo r modes o f degree 50. This is the solid curve in 
F igure 1.5. This shows a gradual rise in frequency shift to  around 3.5mHz, followed by a 
s light levelling-off o f the curve. Beyond about 4mHz, there is insufficient in form ation in 
th is dataset to  fo rm  reliable conclusions. However, other observational reports (L ibbrecht 
and W oodard, 1991; Honan et ah, 1993) confirm  th a t the frequency sh ift averaged over all 
observed modes drops sharply above 4mHz, as shown in Figure 1.6, which is reproduced 
from  Libbrecht and W oodard (1991). This figure shows the averaged frequency shift, p lo tted 
against mode frequency, and compares observing sessions in the years 1986, 1988 and 1989; 
the circles show frequency shifts between 1986 and 1988, the squares between 1986 and 
1989.
The conclusions we can draw are as follows. Associated w ith  an increase in  solar 
ac tiv ity , there is a definite, systematic rise in  p-mode frequencies fo r modes up to  around
11
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Figure 1.6: Averaged frequency shift p lo tted  against o rig ina l mode frequency; circles rep­
resent changes in frequency between 1986 and 1988, squares the change between 1986 and 
1989. Reproduced from  Libbrecht and W oodard (1991).
3.5 mHz. Beyond th a t frequency, a secondary effect appears to  in h ib it t liis  frequency 
increase, lowering the average frequency shift o f the modes and giving some modes a negative 
frequency shift. We call the effect observed at around 4mHz ‘tu rnover’ ; th is feature is the 
subject m atte r o f Chapters 3 and 4.
Separate datasets exist describing changes in  p-mode frequencies at high frequen­
cies, th a t is to say above 5mHz (Ronan et al., 1993). Th is subject is discussed in Chapter 5.
1.3 E lem en tary  eq u ation s
In  section 1.2 we gave a descriptive account o f the form ation and character of 
global oscillations o f the Sun, and introduced some o f the fundam ental problems we wish 
to  tackle. To do this, we m ust now examine quan tita tive ly  the physical processes which 
govern the motions o f a plasma such as th a t found in  the Sun.
In  general, any plasma element w ith in  the Sun w ill encounter both  flu id  and mag­
netic forces. In  consequence, the equations describing the m otion o f such a plasma element 
belong to the intersection o f tw o fields o f physics: flu id  mechanics and electromagnetism.
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This specific field is known as magnetohydrodynamics, or M H D .
1 .3 .1  T h e  fu n d a m e n ta l equations o f M H D
The basic equations o f M H D  are form ed by grouping together M axw ell’s equations 
and the basic laws o f flu id  dynamics, along w ith  an equation o f m otion  which takes account 
o f bo th  flu id  and magnetic forces acting on a plasma element (P riest, 1982). A t th is point 
we are interested in  a general, plane-parallel s tra tified  atmosphere. We wiU link  th is to  a 
solar model at a la ter stage.
We consider a continuous plasma o f density p, pressure p and tem perature T , mov­
ing w ith  a general m otion v  in a magnetic field 5 ,  subject to  a g rav ita tiona l acceleration g. 
F irs tly  we have the equation o f mass continuity, which is given by
4- p V .V  =  0, (1.1)
where represents the convectional derivative, th a t is
We assume th a t all m otions are isentropic; th a t is, there is no heat exchange 
between a m oving plasma element and its surroundings. This allows us to  state tha t
D  f  p
D t \ p V
where 7  is the adiabatic index, which we take to  equal 5 /3 .
We also assume th a t the plasma acts as an ideal gas, so th a t
p =  pR T, (1.3)
where R  denotes where k s  is Bo ltzm ann’s constant and m  is the mean partic le mass.
The neglect o f res is tiv ity  in  M axw ell’s equations gives us the follow ing equation
fo r magnetic induction :
d B  '- ^  =  V x ( » x B ) .  (1.4) I
This implies th a t the magnetic field is ‘frozen-in ’ to  the plasma. I
Our equation o f m otion takes in to  account the pressure, magnetic and gravita tiona l |
forces on the plasma element as follows: |
D v  ^p - ^  = - V p - \ - j  X  B  +  pg, (1.5) I
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where the current density j  is given by p o j =  V  X B  and po is the magnetic perm eability 
o f free space. The j  x  B  te rm  can be expanded by means o f a vector id e n tity  to  give
j x B  =  (S.V )B//io -  V(B72^o);
fo r th is reason we iden tify  the quan tity  B^/2/ro  as the magnetic pressure^ PM> The sum o f
the gas pressure and the magnetic pressure is known as the to ta l pressure^ px- 
F inally, the magnetic field B  is subject to  the constraint th a t
V . B  =  0. (1.6)
We wish to  examine the m otions o f a plasma element, governed by equations (1.1- 
1.6), as i t  undergoes a small velocity perturbation . We align g rav ity  w ith  the z-axis such 
th a t g =  gz, and assume th a t all equilibrium  quantities are functions o f z alone. E qu ilib rium  
quantities are denoted by the subscript 0 : for example, po{z) denotes the equ ilibrium  gas 
density and po(-^) the equilibrium  gas pressure. The background magnetic field is considered 
to  be horizonta l and aligned w ith  the æ-axis, so tha t
B
Thus fo r the plasma to  be in  equilibrium  in its  unperturbed state, equation (1.5) requires 
th a t
Tz + è )  "
We introduce two-dimensional velocity perturbations by
(% (z ), 0 , Ug(z)) ( 1 .8 )
where u  is the angular frequency and is the horizontal wavenumber. The angular fre­
quency, w, and the cyclic frequency, f/, are related by a; =  in  calculation, we shall 
generally use the angular frequency w, bu t in displaying the actual frequency o f a mode, we 
shall use the cyclic frequency
The density, pressure and magnetic field w ill now have the forms
P =  P0 +
P =  Po +
B  =  ( Bo( ^ ) , 0 , 0 ) + (1.9)
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We substitu te  the above expressions in to  equations (1.1-1.6 ) and assume th a t all 
perturbations are small, so terms formed from  products o f perturbed quantities can be ne­
glected. Terms o f the order o f the unperturbed quantities drop out through the equilibrium , 
leaving us w ith  a set o f equations containing terms o f the order o f the perturbed quantities. 
These are as follows:
— ikxBQVÿ;’^ (1.11)
iü Jp i +  Vz^—  =  -poV.i?; (1.12)
iu>pqVx =  +  (1.13)cLZ
— ik x B ix  H— — 0 ; (1.15)
=  - 7 P oV .u; (1.16)
== -b (1.17)
From th is set o f equations, we can elim inate all perturbed variables other than the 
velocity to  give us the two equations
^  (1.18)dz
and
d
dz
2 +  +  Po -  k lv Ÿ ) Vz -  [pocJV.-w] -b p o g V .v , (1.19)
where c*, the local sound speed, and v a , the A lfven speed, are defined by
Po PoPo
In  the absence o f a magnetic field {va =  0), equations (1.18) and (1.19) te ll us 
th a t Vz can be w ritten  as a function  o f V .u  by the a lternative expression
( w ' ^  -  g^ kl)vz = g{klcl -  7w ^ ) V . u  -  w ^ c J ^ ( V . t > ) .  ( 1.20)  j
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Given equations (1.18) and (1.19), we may form  a second-order differentia l equa­
tio n  fo r the velocity o f the plasma element; th is  we now do.
1 ,3 .2  Form s o f th e  wave eq u atio n
We can w rite  the wave equation in  terms o f either % , the vertica l velocity, or 
V .u ,  the divergence o f the velocity. The differentia l equation in  term s o f Vz is given by 
(Goedblood, 1971; Adam , 1977; Roberts, 1985)
A
dz dz
where
and
=  Q'Oz, ( 1 .2 1 )
k lc l
Q =  4 ^  -  -  k lv \ )  -  g k l (
and c t , which we call the tube speed, is defined by
The dash ( ')  denotes d ifferentia tion w ith  respect to  z.
The differentia l equation in terms o f V .u  is cumbersome for a non-uniform  mag­
netic held. The general form  is given by
^ ( V . u )  H-a ^ ( V . u )  +  5 (V .u )  =  0, (1.22)
where a and b are given by
2 ^ '  c /
* "  0  c,
and
u _  g'
P 0)2 p a  p  0)2 a  u)'* ’
Here a  and P are dehned by
Poiu'^ -  -  g V ,)  g k l
«  -  zr*----------------------
and
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In  the absence o f a magnetic field, the general form  (1.22) reduces to  
19  , (Cs)'
c l c i dz^ '  \ c i  0)2 V .t)  =  0. 
(1.23)
I t  proves convenient to  cast the equation in V .i?  in a fo rm  fo r which the coefficient 
o f the firs t derivative is zero. This fo rm  is usually known as canonical form. In  general we 
find  an equation o f the form
dz2 + (z) Q —0, (1.24)
where
Q Pq.1/2 V.u.
The form  o f depends on the form  o f magnetic field chosen. For example, in the 
presence o f a uniform  magnetic field, we find tha t
K^:(Z) = o)' + 1 - H ' O) O)(Cg +  ^1)  (o)2 -  k^c^)  27/2  (u)2 _  ^ J j 2 ^^2 _  k ^ V ^ f
-k l  + A:: O) O)0)2 H  (o)2 — k l v \ )  0)2 (c2 -b v D  (o)2 — ) ’
where 7T, the density scale height, is given by
poH
Po
In  the absence o f a magnetic field, equation (1.25) simplifies to  give
O)' 1 ki
c? 4J72 ( l - b 2 7 f ' ) - A : ;  +  - ^
9 9
and Q is defined by
Q = p y ^ c i v . v .
Equation (1.26) can be w ritte n  in the form
O) — O) 0),
O)'
where
and
o)„ = 47/2 (1 +  277')
u)a j-j ci ■
(1.25)
(1.26)
(1.27)
(1.28) 
(1.29)
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We call Wq. the acoustic cu t-o ff frequency; this is discussed fu rthe r in  section 1.4.3. We call 
Ug the buoyancy frequency; th is is a characteristic frequency o f plasma oscillations whose 
restoring force is buoyancy. The buoyancy frequency is discussed fu rthe r in  section 1.4.1.
1 .3 .3  B e h a v io u r  o f  th e  w a v e  e q u a t io n s
The equations (1.21), (1.22) and (1.24) describe the periodic motions o f a plane- 
parallel, stra tified  plasma, subject to  the pe rtu rba tion  given in  equation (1.8). We have 
specified th a t the tim e and horizonta l distance dependence o f the m otion is o f the form  
exp[i{ujt — kx^)]; this represents a wave which has a horizontal component o f propagation. 
The vertica l component o f m otion is unspecified. W hat we are effectively doing, then, is 
“ fir in g  o ff”  a wave at some oblique angle to  the g ravita tiona l acceleration, and a ttem pting  
to  examine how i t  behaves w ith  varying z. Thus i t  is the vertica l m otion or its related 
quan tity  V .u ,  which we wish to  calculate.
To do th is, our usual procedure w ill be to  specify some form  o f tem perature and 
m agnetic field variation, and calculate the equilibrium  form  o f variables such as density and 
pressure from  the equilibrium  equation (1.7). We can then a ttem pt to  solve one or more 
o f the wave equations, either exactly or in some asym ptotic l im it or approxim ate case. We 
can find a solution analytically, g iving the functiona l form  o f Vz (o r a related variable), or 
we may find i t  numerically, using some com putational scheme.
The equations listed above are very general, and contain much in form ation. I t  
would be useful to  form  some basic ideas about the ir behaviour by considering firs t some 
sim plified situations.
F irs tly  le t us look at the case o f a completely uniform , unstra tified  plasma. The 
g rav ita tiona l acceleration is thus set to  zero, and all quantities such as tem perature, density 
and magnetic field strength are considered uniform . Under these conditions our differential 
equation ( 1 .2 2 ) reduces to
This is a constant-coefficient d ifferentia l equation, so we can find a solution by w riting
V . r  (X (1.31)
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where kz is the vertica l wavenumber. We then find tha t
■ki *f V .D  =  0. (1.32)
(c« +
There are tw o ways in which equation (1.32) can be satisfied: either V .u  is zero or its 
coefficient is zero.
I f  V .v  =  0, equation (1.18) tells us th a t dvz/dz  is zero also, and so from  equa­
tio n  (1.19) we find th a t
(w^ _  k l v \ ) v ,  =  0. (1.33)
Thus fo r a n on -triv ia l solution we find the relationship
w ' =  k l v \ . (1.34)
This fo rm  o f wave m otion is known as the Alfven wave. A  description o f the wave’s physical 
properties is given in Roberts (1985). However, from equations (1.12), (1.13) and (1.16) i t  
can be seen th a t the motions o f an A lfven wave do not d isturb the background values o f 
density and pressure, and th a t the horizonta l component o f m otion is zero.
I f  V .u  7  ^ 0 , equation (1.32) implies th a t the coefficient o f V .u  is zero. This gives 
the result th a t
-  wP{cl -f u%)&2 +  k ‘^ k l c l v \  =  0, (1.35)
where k"^  — k^ H- k^. There are two roots in to  this result; we can w rite  them in the form
1/ 2 ^
> . (1.36)fc2(<,2 +  *2)2
These tw o solutions are known as the fast and sloto magnetoacoustic waves. I f  i t  is also true 
th a t k l  <C we can expand equation (1.36) fo r small kx /k ]  we then find the results
(1.37)
and
iOr}'2 klc%\ (1.38)
equation (1.37) gives the fast wave, equation (1.38) the slow wave. I f  kx is identica lly zero, 
the slow wave disappears completely, and the fast wave propagates vertica lly  at a phase 
speed c /, the fast speed, given by
(1.39)
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Again, a fu lle r description o f the properties o f these waves is given in  Roberts (1985).
Obviously we w ill generally be more interested in  the behaviour o f the wave equa­
tions when grav ity  is present. The simplest case we can examine now is th a t o f an isothermal 
plasma, one in  which the tem perature is constant, w ithou t any magnetic field. In  such a 
s itua tion , equation (1.24) reduces to
T  f^oQ — 0, (1.40)dz^
where
- ‘ i + h - #  (>■-)
We can again find solutions by setting Q oc expÇikzz), which sim ply gives us th a t
k l  =  kJ. (1.42)
Now in  general Kq can be positive or negative; the sign of «q w ill determine the type of 
solutions found to  equation (1.40).
I f  Kq >  0 , we find th a t k^ is real and equal to  Ko, so the tim e and position
dependence o f Q w ill be given by
Q =  -h (1.43)
Thus one solution represents a wave w ith  a component o f propagation in  the positive z- 
d irection, the other a wave w ith  a component o f propagation in the negative z-direction.
If, on the other hand, Kq <  0, then k^ w ill be purely im aginary, and w ill be equal 
to  In  such a s itua tion , the tim e and position dependence o f Q w ill be given by
Q t{ujt exp \ J - n l z  +  C2 exp - y j - n ^ z  | .  ( 1 .4 4 )
B o th  solutions are o f an exponential form , one increasing and one decreasing in  each z- 
d irection. The conclusion is th a t waves in such an unbounded plasma cannot propagate in 
the z-direction.
Thus we conclude th a t in  a region where is constant and positive, we w ill find 
sinusoidal solutions fo r Q which represent propagating waves. Where is constant and 
negative, we do not find propagatory solutions fo r Q; instead, solutions are found in terms 
o f exponential functions o f z. The precise nature o f the solution in  each case w ill depend 
on physical considerations; an example o f th is is given in section 1.5.2.
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Figure 1.7: Form o f Q which is a) convex and b) concave to  the z-axis
We finish this section by looking at the general case where h? is not constant. In 
th is s itua tion  i t  is not generally possible to  find simple solutions for Q in  terms of sinusoidal 
or exponential functions. Solutions fo r Q may be found in terms o f more involved functions, 
from  which i t  may be d ifficu lt to  infer the nature o f plasma motions. In  such a s ituation, we 
may s till be able to  form  an approxim ate p icture o f the behaviour o f the plasma as follows.
F irs tly , we could consider a purely local analysis, which w ill be valid where the 
value o f is varying so slowly th a t at a pa rticu la r po in t i t  may be treated as being constant. 
In  such an instance we can again find a value fo r which we should now describe as the local 
vertical wavenumber. The reasoning then follows along sim ilar lines to  th a t fo r constant. 
Positive implies real and thus a propagating wave; negative implies im aginary 
and thus non- p r op agat or y motions. Regions where changes sign correspond to  a change 
in  the nature o f plasma m otions, from  propagatory to  non-propagatory. This approach is 
the basis for W K B  theory, which is described fu rthe r in  Chapter 3. We would not expect 
i t  to  give a good representation o f the problem where changes rap id ly  w ith  z.
A  more general p icture o f plasma motions may be formed by again considering 
equation (1.24), our canonical equation in Q, where is a general function o f z. In  a 
region where is positive, we can state, w ithou t solving fo r Q, th a t
clz"^ Q < 0 . (1.46)
This im m ediate ly tells us something about the form  o f Q: i t  must be ‘convex’ to  the z-axis, 
as shown in Figure 1.7a. I f  is negative, however, we w ill find th a t
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0 / ç > O ,  (1.46)
im p ly ing  th a t Q is ‘ concave’ to  the z-axis, as shown in  Figure 1.7b. W here is zero, we 
m ust find a po in t o f in flexion o f Q. By considering the global range o f w ith  z, we may 
thus form  a p icture o f Q as a function  o f z. O ften we w ill also be able to  enlist asym ptotic 
solutions to  equation (1.24) in  certain lim its  (e.g. large z) to  help construct th is picture, 
even when the fu ll solution is inscrutable.
We describe the fo rm  o f Q where is positive as displaying oscil latory-type be­
haviour in  z, because o f its  convex form , while in  regions where is negative, Q w ill be 
said to  display exponential-type behaviour. Points where r?  is zero are described as turn ing  
points.
1.4 M o d ellin g  th e  solar in terior
In  section 1.3, we described the basic forms o f the wave equation which w ill be 
used in  the greater pa rt o f th is thesis. We now describe how these equations can be applied 
to  the problem o f solar p-modes. We proceed by in troducing some o f the standard models 
which have been constructed to  achieve th is end.
In  this section we describe a standard m athem atical model for the in te rio r o f the 
Sun, and relate the behaviour o f equation (1.24) fo r th is model to  our conceptual p icture 
o f p-mode form ation. We then present an approxim ate treatm ent o f the problem, which, 
though simple, is sufficient to  display some basic properties o f p-modes. F ina lly  we give an 
exact solution to  the wave equation for the standard model.
1.4 .1  L in e a r p o ly tro p e  m o d el
A  significant p roportion  o f previous analytical investigation in to  chromospheric 
effects on p-mode frequencies has been based on one model fo r the solar in te rio r (Cam pbell 
and Roberts, 1989; Evans and Roberts, 1990; Jain and Roberts, 1993). This is usually 
called the l inear polytrope model, since the tem perature is assumed to  increase linearly w ith  
depth. Our aim is to  find solutions to  certain forms o f the wave equation for this model.
The firs t step in constructing this model is to  consider the Sun to  be fla t, allowing 
us to  use the plane-parallel theory developed in section 1.3. This w ill be a good approxi­
m ation fo r modes whose depth o f penetration inside the Sun is much less than the radius
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o f the Sun. Since we w ill see th a t the base o f the cavity is approxim ate ly at the depth at 
which Ca — u)/kx, th is approach w ill be least accurate fo r modes o f high frequency and, in  
pa rticu la r, o f low
We m ust also find  some way o f re la ting  the degree o f a p-mode, /, to  the horizonta l 
wavelength o f a wave disturbance, k^. In  a spherical geometry, the derivation o f the wave 
equation corresponding to  equation (1.24) gives a s im ilar result (Deubner and Gough, 1984):
~  +  K^(r)Q  =  0, (1.47)
f  , ^TT/\ ^ (^ + 1 )  / ( / + 1 )  1 f  g g"^
where
ci 55^(1  +  - - T r - + - 75— j  •
Here r  is the rad ia l distance, Q =  Pq^ ^c^ 'V .v , and / is a whole number corresponding exactly 
to  the degree o f a p-mode. For modes which are confined to  near the solar surface, the radial 
distance r  wiU be approxim ately equal to  R q , the solar radius, th roughout the mode cavity. 
For such modes we can see th a t the forms o f given in equations (1.26) and (1.48) are 
identica l i f  we form  the equivalence
, (1 4 9 )-«•0
where R q =  6.96 x  10®m is the solar radius.
Thus we may represent a p-mode w ith  degree I in spherical geometry by an oscil­
la tion  in  plane-parallel geometry w ith  a horizonta l wavenumber given by equation (1.49). 
As is true  fo r our plane-parallel approxim ation, this w ill be a good approxim ation for high-/ 
modes, bu t w ill be less accurate fo r modes which penetrate nearer to  the centre o f the Sun. 
In  the greater pa rt o f th is thesis, we w ill restric t ourselves to  considering modes o f order 
a t least 50; the exception to  th is is Chapter 6 , where we present a d is tinct description o f 
modes o f degree zero.
We place the solar surface at z =  0 ; we have already aligned grav ity  w ith  the 
positive z-d irection, so z represents the depth w ith in  the solar in te rio r. Thus the entire 
solar in te rio r is represented in th is model by the region z >  0. The region z <  0, which w ill 
represent the solar chromosphere, w ill be modelled separately, as described in  section 1.5. 
We model the rise in tem perature w ith in  the Sun by the tem perature profile
T  =  T o (l +  z /z o ) , (1 .5 0 )
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To 4170.0K
Poi 86.82 kgm “ ^s~ 2
R 6425.97 m ^ s -^ K - i
g 274.0 ms-2
Col 6682.9 m s " i
Table 1 .1 : Standard param eter values fo r linear po lytrope model
where To is the tem perature at z =  0 and zq is the tem perature scale height at z =  0. In 
general, we set the magnetic field to  zero w ith in  the solar in terio r. Thus, from  equation (1.7), 
our equilibrium  becomes
dpo
dz =  pog^ (1.51)
Thus we can derive the fo llow ing forms fo r the sound speed, density and pressure variation 
in  z >  0 :
Cg =  Cojr,(l +  z / zq),
Po =  P o i( l +  z /zo )'" ,
Po =  p o i( l +  z /z o )" "+ \ (1.52)
where Cq£,, poi and poi are the equilibrium  values o f the sound speed, density and pressure, 
respectively, at z =  0. The quan tity  m  is called the polytropic index; its  value is given by
%
(1.53)
Table 1 .1  shows the parameter values we shall employ for the linear polytrope 
model. These are consistent w ith  values previously used by Evans and Roberts (1990) and 
Jain and Roberts (1993). The value o f the tem perature scale height is generally picked to  
conform w ith  the assumption o f m arginal s tra tifica tion  described below.
W hat forms do the differentia l equations above take fo r these forms o f the sound 
speed and density? We look firs t a.t equation (1.24), w ith  given by equation (1.26). We 
find  th a t takes the form
.2 _ (jj m {m  +  2 )
4zg (1  +  z/Zo)^ + 'OL'
TU7
- 1??7. +  1 J 1 -\- Z I Zq (1.54)
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in 3 /2
Zq 244.5 km
Table 1.2: Further parameter values fo r linear po lytrope w ith  m arginal s tra tifica tion
We can now introduce the concept o f marginal stratification. The value o f the 
po ly trop ic  index m  depends on the value chosen fo r the tem perature scale height; thus i t  
is possible to  select the value o f zq such th a t the last term  in  equation (1.54) is identically 
zero. In  effect we are specifying th a t the buoyancy frequency Ug is identica lly zero. Then, 
fo r m arginal s tra tifica tion , the poly trop ic  index in  must satisfy
Since we take 7  =  5 /3 , th is implies the values o f m  and zq given in  Table 1.2.
Thus, under the assumption o f m arginal s tra tifica tion , we can w rite  in the form
where
1 .4 .2  M o d e  fo r m a t io n
We have specified the forms o f variables such as the tem perature, density and 
pressure in  the solar in te rio r. M otions of the plasma in such a model are governed by the 
d ifferentia l equation
w ith  «2 given by equation (1.56) above. How does this relate to  our picture o f p-mode 
fo rm ation  by successive reflection and refraction given in section 1.2.1 above? To see this, 
i t  is convenient to  examine the form  o f in  our solar in te rio r model.
As an example, we look at a mode w ith  degree 50 and frequency 4.5mHz. For this 
mode, we find th a t the quantities /l2  and from  equation (1.56) above are both large, o f 
the order 10^. Thus, near z =  0 we would expect the firs t two terms o f in equation (1.56) 
to  dom inate. As z increases, the second term  w ill rap id ly  go to  zero, because o f its  inverse 
square dependence on 1 +  z/zo; we thus expect th a t fo r some interm ediate range o f z, the
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Figure 1.8; (solid curve) vs. z (in  M m ) near z =  0. The dotted curve shows the
varia tion o f the firs t term  in w ith  z.
firs t te rm  w ill be the sole dom inant term . As z increases fu rthe r, the firs t term  w ill also 
decrease, u n til there w ill be some po in t at which is equal to  zero. U ltim ate ly , as z tends 
to  in fin ity , w ill tend towards —k^.
The solid curve in F igure 1.8 shows pa rt o f the varia tion o f k? (normalised to  k"^) 
w ith  depth, z, fo r th is mode. The dotted curve depicts the varia tion o f the firs t term  o f 
in  equation (1.56). We see th a t fo r the greater pa rt o f the range o f z, the firs t term  is the 
dom inant term . Near z =  0, however, the second term  can have a significant contribution , 
and acts to  bring the value o f sharply down. Thus the overall form  o f is tha t we have 
a region in which h? is positive, sandwiched between two regions in  which is negative.
How does th is relate to  p-modes? We described in  section 1 .2 .1  how p-modes 
are formed from  the trapp ing o f sound waves in a cavity below the solar surface. We also 
described, in  section 1.3.3 above, how the nature of solutions to  equation (1.24) depends on 
the sign o f k ^. We can now tie  these together in a qualita tive way. F igure 1.8 shows tha t 
fo r a large range o f z, is positive; thus we w ill expect wave-like solutions in th is region. 
Outside this region, is negative, and any m otion w ill either grow or decay exponentially 
w ith  height. Thus a wave instigated in the >  0 region w ill not be able to  travel in to  a
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<  0 region, bu t w ill be trapped. Thus our p icture is o f a cavity corresponding to  the 
region in  which >  0 .
We associate the zero o f at large z w ith  the refraction o f waves by the increas­
ing ly  high temperatures w ith in  the solai' in te rio r. This w ill occur approxim ately at the 
depth z at which
klciiz) -
thus waves o f lower horizonta l wavenumber kg; w ill reach greater depths in  the model, as 
w ill waves o f higher angular frequency w.
We associate the zero o f near z =  0 w ith  the reflection o f waves by the rapid 
d rop-o lf in  density near the solar surface; we now describe this process in greater detail.
1 .4 .3  A coustic  cut-oflf freq u en cy
Above a certain frequency, the drop in near z =  0 w ill not be sharp enough to  
create a zero o f In  th is case, the mode cavity w ill not be formed entire ly w ith in  the 
in te rio r model, and the form ation o f modes w ill depend on the behaviour o f in  whatever 
model is eventually chosen fo r the chromosphere. This introduces the idea o f the acoustic 
cu t-o ff frequency.
Assuming m arginal s tra tifica tion , we can rew rite the form  o f given in  equa­
tion  (1.27) as
«:"(z) =  (1.58)
where
WaW  =  ^ ( l  +  2J Î')- (1.59)
Follow ing Lamb (1932), we iden tify  as the acoustic cu t-o ff frequency. For the linear 
po lytrope, Wg is given by
For z >  0, the acoustic cu t-o ff frequency w ill take its maxim um  value at z =  0:
=  / 4 ' "  +  2)co,
^ = 0  2 z o
This value w ill be the theoretical upper lim it for a zero o f to  exist near z =  0, and
thus fo r a cavity to  be formed entire ly w ith in  the solar in te rio r fo r th is model. For the
parameters given in Tables 1.1 and 1 .2 , W(, /27r=4.98mHz.
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O f course, i t  is not a necessary condition on the form ation o f modes th a t the 
cavity be form ed entire ly w ith in  the in te rio r model. I f  the model o f the chromosphere we 
eventually choose is such th a t a bounded cavity can be formed covering any fin ite  range o f 
z, then we would expect the fo rm ation  o f modes. This subject w ill be considered fu rthe r in 
sections 1.5.2 and 1.5.3 and also in  Chapter 2.
1 .4 .4  A n  a p p ro x im a te  so lu tion
A t frequencies such th a t a cavity may form  in  our model, we can use an approx­
im ate method o f solving equation (1.24) to  find  the frequencies o f norm al modes resident 
in  the cavity. We use the Bohr-Sommerfeld condition (Nayfeh, 1983; Bender and Orszag, 
1987), a result o f W K B  theory which provides an approxim ate solution to  eigenvalue prob­
lems such as the above. This body o f theory, and the Bohr-Sommerfeld condition in  par­
ticu la r, are discussed in greater deta il in  Chapters 3 and 4; we restric t ourselves here to  an 
illu s tra tion  o f its  use.
For equation (1.24), the Bohr-Sommerfeld condition implies th a t the frequency o f 
a mode trapped between the two tu rn ing  points (or zeros o f «^) is approxim ately given by
I k { z ) cIz =  { n (1.62)'Zi 2
where n is a positive integer equivalent to  the order o f a mode and Zi and Zg are the roots 
o f K^(z) =  0. Equation (1.62) is an asym ptotic result valid as n  —> oo. Since both these 
roots must lie in  the in te rio r model, we require th a t k^(0 ) <  0. Thus we are restricted 
to  modes w ith  frequencies below the acoustic cu t-o ff frequency at the top o f the in te rio r 
model, as described in  section 1.4.3 above. Carry ing out the in tegration for K^(z) given by 
equation (1.56) then gives (see Appendix A )
—:— — ---------h ( 1 +  ■— I 4-------. (1.63)gkx m \  m j  m
Such an equation is known as a dispersion relation. Given the horizonta l wavenumber k^^ 
such a dispersion re lation tells us the frequencies at which norm al modes w ill form  fo r the 
given model. We see in  th is simple case th a t the square o f the frequency, is proportional 
to  the horizonta l wavenumber kx, which is itse lf approxim ately proportiona l to  the degree 
/; thus we have reproduced the parabolic form  o f the u)-l curves seen in Figure 1.4.
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1 .4 .5  A n  exact so lu tion
III section 1.4.4, we were effectively find ing an approxim ate solution to  our wave 
equation, g iving us the form  o f motions in  z >  0 , and using boundary conditions to  find a 
dispersion relation. I t  is also possible to  find  an exact solution to  the wave equation for the 
linear polytrope model (Lam b, 1932). Introduce the quantity  defined by
(1.64)gkx ^
Setting s =  2 /;^zo(l +  z / z q )  then transform s equation (1.24), w ith  h?' given by equa­
tion  (1 .5 6 ),in to
ds^
1 mVt^ 1 m {m  -f- 2) 1
T  +4 2  a (1.65)
This is in  the form  o f W h itta k e r’s equation, which is (Abram ovitz  and Stegun, 1967: 13.1.31)
d^w
dx^ 4 X x^ w =  0.
W h itta k e r’s equation has the solutions
+ / } - a , l  + 20,x)
and
W „,^(a :) =  i  +  2 0 , x ) ,
where M  and U are the confluent hypergeometric functions (A bram ovitz  and Stegun, 1967). 
For equation (1.65) these solutions are
+  2,2fc^(« +  Zo))
and
Vfc,is{z) =  +  z o )^ + ^ u ( -a ,m , +  2,2&^(^ +  zo)),
where the parameter a is related to  by
Remembering th a t Q =  V .u ,  the general solution for V . v  is thus
V .t? =  e l ^ c i M a, m  - f 2 ,2 k x ( z  -f- zg)^ -f C2U m -j- 2 ,2 k x { z  -f- Zg)^ j- , (1.66)
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where c% and cg are a rb itra ry  constants.
This solution describes the form  o f the wave m otion in  z >  0. We can exploit 
th is  expression in  tw o ways. We can fo rm  a dispersion re la tion by allow ing the in te rio r 
tem perature to  rise from  zero at z =  0. For th is s itua tion  i t  can be shown th a t the frequency 
o f the mode is given by (Christensen-Dalsgaard, 1980; Campbell and Roberts, 1989)
*  ( l  +  ^ )  • (1-67)^  -  g k
This simple result is often used as an approxim ate dispersion re lation fo r p-mode frequencies.
Since we wish to  examine the influence o f the chromosphere on p-mode frequencies, 
we require a fu lle r treatm ent o f the interface z =  0 than given above. For the solution given 
by equation ( 1 .6 6 ) to  be physically realistic, one condition must apply: th a t as z goes to  
in fin ity , the energy density must be fin ite . Since the M -function  increases exponentially 
w ith  z, we must set the constant c\ to  be zero. Thus our solution is given by
V .u  =  m -f 2 ,2kx{z +  z o ) j. (1.68)
Equation (1.20), along w ith  the basic properties o f the U -function, then leads to  
an expression for the form  o f in  z >  0 as follows:
(w^ -  g'^kl)  exp ^kx{z +  zg)] =  Cgj [kxcl(oj^ +  gk^) -  7 5 ^^^] U ( - a ,  m  -f 2 , 2 kx{z +  zg))
-  2au)'^clkxV (^ 1 -  a, m. 3 ,2kx{z -f zg)^ j .  (1.69)
The result (1.68) tells us the form  o f wave disturbances in  z >  0 fo r given k^ and 
w. I t  does not te ll us the frequencies at which norm al modes w ill fo rm , as we have not yet 
considered our boundary condition at the interface z =  0 , which we associate w ith  the solar 
surface. Thus our a ttention  now turns to  m odelling the solar surface and chromosphere.
1.5 M o d ellin g  th e  solar ch rom osp here
We now tu rn  to  the region above the tem perature m inim um , o f which a brie f
description is given in section 1.1.1. Just as we associated the in te rio r o f the Sun w ith  the 
in terva l z >  0  in  our model, we associate the region above the tem perature m inim um  w ith  
the in terva l z <  0. The interface z =  0 then represents the solar surface.
For the classical range o f p-mode frequencies, we have seen th a t wave motions
w ill generally be evanescent in th is region, and we would expect th a t solutions to  the wave
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equation in z <  0 w ill have a very different character to  those in  z >  0. We would also expect 
the magnetic field to  be a significant element in  our chromospheric model. The fact th a t the 
m otions w ill die out w ith  height implies th a t the region nearest the tem perature m inim um  
w ill be the most significant. Thus in  general we ignore the presence o f high temperatures 
in  the trans ition  region and corona, and a ttem pt simply to  model the chromosphere.
The chromosphere is a complex region, and numerous models have attem pted to  
describe its  features. We w ill look in  th is section at two simple models, to  allow us to  
introduce some o f the concepts we w ill encounter la ter in the thesis. Since our u ltim ate  
aim is to  examine the influence o f the chromosphere on our oscillations in  the in te rio r, i t  is 
necessary to  consider the means by which these influences are expressed. Thus our firs t point 
o f investigation must be the interface between the in te rio r model and the chromospheric 
model.
1 .5 .1  In te rfa c e  conditions
We have constructed a model for the solar in te rio r, and found the form  o f wave 
m otions in th a t region. We aim to  do the same fo r the chromosphere. For th is treatm ent 
o f the problem to  be physically realistic, certain conditions must be met at the interface 
between the tw o regions.
A  condition fo r equilibrium  o f the interface is th a t the unperturbed to ta l pressure 
PTo, given by
PTo =  Pq +
is the same on each side o f the interface. The effect o f th is is sim ply to  relate the values
o f the unperturbed density po either side o f the interface; th is condition does not d irectly
affect the m atching o f the solutions.
Now le t us consider two plasma elements, in  immediate jux tapos itio n  across the 
interface. I t  is obvious th a t i f  one has a particu la r vertical velocity then so must the
other. Thus our firs t condition on Vz is as follows:
:|Vz is continuous across the interface. (1.70) !
i
The second condition on Vz is less stra ightforward. As our tw o plasma elements 
are perturbed, the to ta l pressure perturbation  o f the moving elements must be the same, 
fo r pressure balance to  be m aintained. Thus we introduce the quan tity  pL, called the
PL =  ~PQ H -c^V .d. (1.72)
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Lagrangian to ta l pressure pertu rba tion  (W righ t and Thompson, 1992), by
PL =  PTI +  (^ -V )P T 0 , (1.71)
where ptq and PT\ are, respectively, the unperturbed to ta l pressure and the to ta l pressure 
pe rtu rba tion , and ^  is the displacement o f the element. Consideration o f the basic linearised 
equations gives
dz
This quan tity  must also be continuous across the interface. The tim e derivative o f this 
quantity , which we w ill denote by pLt, must also be continuous, so our second continu ity  
condition on can be w ritte n  as follows:
+  poCgV.u is continuous across the interface. (1.73)
Thus we have established our con tinu ity  conditions, namely the con tinu ity  o f pTo, Vg and 
PLt-
We can express the boundary condition (1.73) in a different fo rm  by substitu ting  
fo r V .u  from  equation (1.18), g iving a boundary condition in  terms o f dv^/dz  and this 
condition can be w ritte n  as follows:
is continuous across the interface. (1.74)-  k lc l  dz bP- -  k l c j  ^
The condition (1.74) has been used in previous studies o f chromospheric effects on p-mode 
frequencies; see, fo r example, Evans and Roberts (1990). There, the condition (1.74) was 
derived by in tegra ting  the equation ( 1 .2 1 ) across the interface.
1 .5 .2  Is o th e rm a l n o n -m ag n e tic  m odel
In  this most basic o f models fo r the chromosphere, the tem perature is taken to  be 
the constant value Tq th roughout z <  0 , and the atmosphere is assumed to  be field-free. 
The equilibrium  equation (1.7) then implies th a t the sound speed, density and pressure 
variations in  z <  0  are as follows:
Cg(z) =  c l,  po{z) =  pooexp(z/77), Po(z) =  poo exp(z/77), (1.75)
where Cq =  ' )R T q, H  =  c l/ 'yg  and poo and poo are respectively the unperturbed density 
and pressure at the base o f the chromosphere. Thus, the density and pressure drop off 
exponentia lly w ith  height in the atmosphere.
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For th is model, equation (1.24) takes the form
+  Kg(z)Q — 0, (1.76)
where
C q  4c J  ~  - '  W ^ C [
This is a constant-coefficient d ifferentia l equation, the nature o f its  solutions depending 
upon the sign o f Kg. I f  Kg is positive, solutions wiU be o f the form
H '
0 (z )  =  Cg exp[*KgZ] -f C4 eXpf-ZKgz].
Th is gives the combined height and tim e dependence o f Q as
Q (z, t)  =  C3 exp[*(w( 4- Kgz)] 4- C4 exp[*(wf — Kgz)].
(1.77)
(1.78)
One solution represents an upward propagating wave, and the other a downward propagat­
ing wave.
I f  Kg is negative, solutions w ill be o f the form
Q{z)  =  cgexp 4- C4 exp (1.79)
We can apply a boundary condition at in fin ity  to  th is solution. We require th a t as z —» — oo, 
the k ine tic  energy density where =  uf, 4- v^, must be bounded. This rules out the
C4 solution, so we are forced to  set C4 =  0. Thus the height dependence o f our physically 
realistic solution is given by
Q(z) =  cgexp \ J ~ ^ h (1.80)
which tells us th a t m otions die out, or evanesce, w ith  height in  the atmosphere. The 
combined height and tim e dependence o f Q w ill thus be given by
Q {z , t )  =  cgexp exp(iw f). (1.81)
Equation (1.81) represents what we call an evanescent standing wave.
Since Q ~  p^^C gV .u , we find the form  o f V .u  in z <  0  to  be given by
V .u C3
P o o  ^ 0 exp
19
2 cg (1.82)
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and thus, from  equation ( 1 .2 0 ), the form  o f is given by
C3
P o o  ^ 0 -  7 W^/2 ) -  u P c l ^ f ^ e x p -K?
19
2 c l (1.83)
Thus in  an isotherm al, non-magnetic atmosphere, motions are either propagatory 
or evanescent th roughout the region z <  0 , the demarcation poin t being the values o f w and 
kx such th a t
t V
4c{ -  K  +  (7  - 1 ) 0. (1.84)
The fo rm ation  o f trapped modes requires th a t wave m otions are in  some way evanescent 
above a certain height in the atmosphere, allowing a bounded cavity to  form . Thus we 
would not expect oscillations representing p-modes to  be formed above the frequency fo r 
which equation (1.84) holds. For the range o f frequencies and horizonta l wavenumbers we 
are like ly  to  encounter, the firs t two terms in equation (1.84) are far larger than the th ird  
and fo u rth  terms. Thus the approxim ate condition on form ation o f modes in  a system 
comprising a linear po lytrope topped by an isotherm al non-magnetic chromosphere is tha t 
u> < ujc, where
bJ.2 _  T V  _4cg - 47/2 • (1.85)
We iden tify  as the cu t-o ff frequency fo r the atmosphere (Lam b, 1932). I f  the tem perature 
throughout the chromosphere is taken as the tem perature m in im um  value, To=4170K, we 
find  th a t the cu t-o ff frequency cuc/2îr takes the value 5.43mHz. This subject is discussed 
fu rth e r in Chapter 2.
In  the range o f frequencies below we may now use the interface conditions 
described in  section 1.5.1 to  m atch the solution fo r the wave m otion in  the linear polytrope 
to  the evanescent solution in our chromospheric model. Using equation (1.69) fo r Vz in 
z >  0 and equation (1.83) for Vz in  z <  0, the condition th a t Vz is continuous across the 
boundary z =  0  gives
exp(A:a,Zo)- -^^  ^ -  7W^/2) -Poo % ^
Cg j  T  pkx) ~  7)9^^] U (—a, -{- 2 , 2 kxZo)
2abJ^chkxV{l ~ a,m + 3, 2/ c a , z o ) | .  ( 1 . 8 6 )
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Since we are considering a non-magnetic atmosphere, continu ity  o f po implies th a t
PolCql ~  PoqCq-
Thus the cond ition (1.73) o f con tinu ity  o f p u  s im ply reduces to  con tinu ity  o f V .u :
C2 e x p { -k x Z o )V {~ a ,m  +  2,2kxZo) -  ■ . (1.87)
The constants cg and cg can be elim ina ted from  equations (1.86) and (1.87) to  give
U (a, 771-1- 2,2kxZo)kxCoLi'^  ^T 9^x) ~  9{k^cl + ibP /2) +
-  2au>‘^ c l i^kxV{l  -  a, 771 -f 3 ,2kxZo) =  0. (1.88)
The equa tion (1.88) is the dispersion relation for modes formed in  a linear po lytrope sur­
moun ted by an isotherm al non-magnetic chromospheric model. A n  equivalent result to  
equa tion (1.88) is given in  Campbell and Roberts (1989) There w i ll be a fin ite  number o f 
solutions to  equation (1.88) below the cu t-o ff frequency, wh ich is g iven by equation (1.84). 
We identify  these frequencies as the natura l modes o f osc illa tion o f the system as modelled, 
and are thus the frequencies at wh ich, i f  our model is accurate, p-modes o f the given degree 
I w i l l ex ist. Th is dispersion relation, like most others we w ill encounter, is transcendental, 
and as such requires a numerical scheme fo r its  solution.
Having found the mode frequencies from  equation (1.88), we may then alter the 
atmospheric conditions, fo r example by changing the chromospheric tem perature, and ob­
serve the change in frequency induced. Such procedures form  the subject m a tte r o f much 
o f the rest o f the thesis.
1 .5 .3  Is o th e rm a l m o d e l w ith  u n ifo rm  h o rizo n ta l m ag n etic  fie ld
We now consider an atmosphere wh ich again is isotherm al bu t now has a mag­
netic field present, the field being taken to  be horizon ta l and uniform . Cons ideration of 
equation (1.7) tells us th a t the density and gas pressure varia tions w ill be as given in  sec­
tio n  1.5.2. We must also here consider the A lfven speed, wh ich fo r th is model is given
by
v \  =  u g e x p ( - z / / / ) ,
where Vq is the A lfven speed at z =  0“ , and H  is the scale he ight (as given in section 1.5.2). 
No te th a t the A lfven speed increases exponentia lly w ith  he ight.
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For th is model, equation ( 1 .2 1 ) takes the form  (Evans and Roberts, 1990)
[A i  +  A 2 e x p ( - z / 7 T ) ] ^ ~  [ ^ 4  -  e x p ( - z / / / ) ]  =  0, (1.89)
where A i , Ag and A 4 are given by
A l —  bJ C q ,
2/. .2 1.2^ 2^Ag =
A 4 =  ( 7  -  l ) g ^ k l  +  w^(w^ -  k lc l ) .
The transform ations (Adam , 1975; Nye and Thomas, 1976)
5 =  exp(z/77), (1.90)A 2
and
V, = . { - s f ’’ ” W  (1.91)
then give the equation 
3 (1  -  s ) ^  +  ((1 +  2 k „ H )  -  2(1 +  k j i ) s ] ^  -  [ k J I ( K I I  +  1) +  =  0. (1.92)
Th is is in  the form  o f the hypergeometric equation (Abram ov itz  and Stegun, 1967: 15.5.1), 
fo r wh ich the general solu tion is
W  =  cgF(p, q\ r ; 5 ) +  C4 F(p -  r  +  1, ç -  r  +  1,2 -  r , a), (1.93)
where cg and C4 are a rb itra ry  constants, F is the hypergeometric func tion, and p, q and r
are given by the fo llow ing set o f equations:
p +  9 =  1 +  2kxH  ;
j)q — k x H ik x H  +  1) + A4 77A l ’
r  =  1 +  27aT7. (1.94)
I t  can be shown (Evans and Roberts, 1990) tha t for the magnetic energy density
to  vanish in the l im it  z —0 0 , we must set C4 =  0. Thus our expression for the vertical
veloc ity is as follows:
Vz -  C5 exp(^gz)F(p, q\ r ;  a). (1.95)
36
The coefficients p  and q w ill be complex i f  and only I f
+  ( 7  -  1 ) “ ^  >  0 , (1.96)
C q  ^ C q  bJ C q
wh ich is the same cond ition wh ich appears in  section 1.5.2. However, i t  is not obvious th a t 
the frequency given by th is cond ition acts as a s imple cu t-o ff frequency. The nature o f the 
cu t-o ff frequency in  th is model is discussed at length in  Chapter 2 .
We may again fo rm  a dispersion relation by m a tch ing the solutions on e ither side 
o f the interface. The dispersion relation is given by (Evans and Roberts, 1990)
where
.F =  ^7&:cg +  ( c g 4 - u g ) ( w : ^ - % ) I _  .4] A 4 F (p -f 1 , g -h 1 , r  +  1 , —A i /A g ) !r  Ag F ( p ,g , r , - A i /A g )  J '
Th is is the dispersion relation for modes formed in  a linear po lytrope overla in by an isother­
m al atmosphere w ith  a uniform  horizon ta l magnetic field. Results gained from  th is d isper­
sion relation are discussed at length in Chapter 3.
1.6 T h esis  o u tlin e
In  th is chapter, we have br iefly described some relevant features o f the Sun and 
in troduced our area o f in terest, th a t is the type o f global solar osc illa tion known as p- 
modes. We have given the classical explanation o f the ir fo rm a tion  by successive reflection 
and refraction o f sound waves w ith in  a cavity resident in  the solar in te r io r, and described 
some o f the ir properties, pa rt icu la rly  the observed varia tion in p-mode frequencies over the 
solar cycle. We have derived the basic equations govern ing the general m otion o f a plasma 
element in  a plane-parallel stra tified atmosphere. We have described a po ly trop ic  model fo r 
the solar in te r io r, and demonstrated from  the equations o f m otion th a t a cav ity can ex ist, 
and thus norm al modes form , in  th is model. Under certa in conditions, these modes can be 
considered a m athem atical replica tion o f p-modes. We have described two simple models 
fo r the solar chromosphere, and derived dispersion relations wh ich incorpora te the effect o f 
the chromospheric model on mode frequencies.
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In  Chapter 2, we exam ine in  deta il the nature o f the cu t-o ff frequency in  the case 
o f an isotherm al chromosphere w ith  a uniform  horizon ta l magnetic field. We in troduce the 
concept o f the c r itica l frequency, and describe its  relevance to  the form  o f plasma motions 
in  the model. Th is study has im plica tions fo r the range o f frequencies at wh ich we m ight 
expect p-modes to  form , and the phys ical processes govern ing the ir fo rm a tion . We then 
consider the problem o f propagation o f fast waves at right-angles to  a uniform  magnetic 
field, wh ich may be considered as a special case o f the earlier investiga tion, and discuss the 
c r it ica l and cu t-o ff frequencies in  th is case.
In  Chapters 3 and 4 we consider the classical range o f p-mode frequencies, tha t 
is l- 5 m llz ,  and investigate the observed effect o f turnover in p-mode frequency sh ifts. 
In  Chapter 3 we use an a rt ific ia l system o f equations to  diagnose possible causes o f the 
turnover effect. In  Chapter 4 we develop an approx im a te fo rm ula tion  fo r the calcula tion of 
mode frequencies in the presence o f a chromosphere, based on the fam ilia r Bohr-Sommerfeld 
cond ition. We then use th is method to  investigate the effect o f tem perature grad ients in the 
chromosphere on the form  o f the turnover curve. We conclude w ith  a phys ical discussion 
o f chromospheric effects on p-mode frequencies, from  the v iewpo in t o f a mod ified Bohr- 
Sommerfeld cond ition.
In  Chapter 5 we leave the classical range o f p-mode frequencies and investigate the 
form ation  o f modes above the acoustic cu t-o ff frequency. In  do ing so we explo it the results 
o f Chapter 2, wh ich describe the fo rm ation  o f such h igh-frequency modes, and the mod ified 
Bohr-Sommerfeld cond ition o f Chapter 4, wh ich allows us to  calculate mode frequencies. 
We also extend the ‘ turnover’ curve in to  a new frequency range, and find many new features 
o f its  behav iour.
In  Chapter 6 we look at another special case, th a t o f modes o f degree zero. We 
develop a model and dispersion relation for th is singular problem, and find mode frequencies 
wh ich agree well w ith  the observed frequencies o f zero-degree p-modes. We also consider 
changes in  the frequencies o f such modes caused by certa in changes in  a simple chromo­
spheric model.
In  Chapter 7 we summarise the ma in results o f the thesis, and give a b r ief descrip­
tion  o f some poss ibilities for furthe r research suggested by th is work.
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C hapter 2
C ritica l and  cu t-o ff  freq u en cies in  
a  u n iform  m a g n etic  field
2.1 In tro d u ctio n
III chapter 1 we in troduced the concept o f the cu t-o ff frequency. Th is quan tity  
was seen to  describe the upper l im it  o f the range o f frequencies at wh ich norm al modes 
could be formed for a given phys ical s itua tion . The existence o f such a l im it  was brought 
abou t by the requirement th a t, fo r norm al modes to  form , a bounded cav ity must ex ist in  
wh ich waves can propagate, surrounded by a reg ion in wh ich waves cannot propagate. The 
dimensions and characteristics o f the cav ity then determ ine the frequencies o f the modes 
formed.
For example, in  section (1.4.3) we considered the case o f our linear polytrope model, 
and demanded th a t a mode cav ity, here defined as a range o f z bounded by two zeros of 
K^(z), be formed entirely w ith in  the doma in o f th a t model. Th is im plied the existence o f 
an upper l im it  on frequencies given by k ^(0'^) =  0; th is upper lim it ,  correspond ing to  the 
acoustic cu t-o ff frequency for th is problem, is given in equation (1.61),
For the more complete problem o f a linear polytrope surmounted by a chromo- j
spheric model, a variety o f situations arise. In the case o f an isotherm al non-magnetic model, Iwe see th a t waves o f frequency less than w^, as given in equation (1.85), cannot propagate at j
a ll in  the chromosphere. Thus we can presume th a t waves below th is frequency are trapped 
in  a cavity th a t is resident in  the solar in te rio r model, bounded above by z =  0, and tha t
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norm al modes may form  in  th is cavity. This feature o f the model is taken to  represent 
the reflection o f sound waves at the solar surface which allows the form ation  o f a p-mode 
cav ity  in  the Sun. Waves o f frequency greater than Uc can, however, propagate stra ight 
th rough the interface z =  0 and on to  indefin ite ly  large heights in the chromosphere. Thus 
no bounded cav ity w ill fo rm  fo r waves at th is frequency, and so we would not expect modes 
to  fo rm  at such a frequency. Thus is described as the cut-o ff frequency fo r th is problem; 
i t  w ill henceforth be generally term ed the non~magnetic cut-off frequency.
Where the chromospheric model conta ins a uniform  horizonta l magnetic field, how­
ever, the s itua tion  is less clear. We find a solution for the plasma motions in th is model 
in  terms o f hypergeometric functions, rather than the sinusoidal or exponential functions 
found in  the non-magnetic model. I t  is not obvious whether these hypergeometric function 
solutions represent propagating or non-propagating motions in the chromosphere, and so i t  
is not clear w hat value the cu t-o ff frequency w ill take in th is case. The nature o f the cut-o ff 
frequency in  th is s itua tion  w ill thus form  the subject m atte r o f much o f this chapter.
A  po in t should be made here about two definitions which w ill be used here. The 
cut-o ff frequency w il l  be defined as the frequency above wh ich modes would not be expected 
to  form  fo r a given model. Th is quantity  w ill in  general depend on the global characteristics 
o f the model, includ ing the values o f variables such as the tem perature and the magnetic 
field strength. However, i t  w ill have one definite value for any one set o f model parameters, 
and w ill not be a function o f height (or depth), z. The crit ica l frequency., on the other hand, 
w i l l be defined as the frequency at which certain local behav iour o f the plasma motions w ill 
be observed. In  general, the c r itica l frequency w il l  be a function  o f z, and may take up 
d ifferent forms depending on the particu la r facet o f wave behav iour be ing considered.
For example, in  section 1.4.3, we expressed the general fo rm  o f the acoustic cut-o ff 
frequency fo r our linear poly trope as in equation (1.60); in the s tric te r terms we now employ, 
th is  is properly considered as the acoustic critica l frequency. For a given z, this equation 
w ill determ ine the frequency such th a t «^(z) is zero at th a t depth. In  th is s itua tion , the 
cu t-o ff frequency is defined by the upper lim it  o f frequencies such th a t k ^{z ) w ill have a 
zero near z =  0; thus its  value w ill be set by the m ax imum value o f the c ritica l frequency in 
z >  0. Since this occurs at z =  0, we find the expression fo r the acoustic cu t-o ff frequency 
given in  equation (1.61).
Thus the task we set ourselves in this chapter is to investigate the effect upon both 
the c r itica l and cut-o ff frequencies o f a uniform  horizontal magnetic field in  our chromo-
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spheric model. To do th is, we w ill consider analytica l solutions to  the wave equations in 
various lim its , and also consider the qualita tive  behav iour o f certain a lternative forms o f 
the wave equation.
We conclude th is  chapter w ith  an investigation o f the propagation o f fast magneto- 
acoustic waves at right-angles to  a un ifo rm  magnetic field. Th is problem has been w idely 
considered, fo r example by Thomas (1982), Musielak, An, Moore and Suess (1989) and 
S tark and Musielak (1993), and the nature o f the critica l and cu t-o ff frequencies in  this 
s itua tion  has proved controvers ial. We a ttem pt to  br ing some o f the knowledge gained in 
sections 2.2 and 2.3 to  bear on th is problem.
2.2 T h e cu t-o ff freq u en cy
Our model fo r th is problem is as described in sections 1.4.1 and 1,5.3. We use a 
linear po lytrope for the solar in te rio r, topped by an isotherm al chromosphere conta ining a 
un ifo rm  horizonta l magnetic field. In  our chromosphere, the wave equation fo r the vertica l 
component o f m otion, is given by equation (1.89), and displayed here fo r convenience:
j^Ai -f A 2 e xp (—z / iT ) j  “j " 2“ +  +  [ ^ 4  — ^ x ^ 2 exp(—z / i f ) j  =  0 , (2 .1 )
where A \ , Ag and A 4 are given by
A i  =
2 /  .2  7 . 2Ag — % (w  — /^ajCo),
A 4  =  ( 7  -  l)(fkl  +  w ^ ( w ^  -  klcl).
The exact solution to  th is equation is
Vz =  C5 exp(6 a;z)F(p, q\ r ;  s), (2 .2 )
where F is the hypergeometric function, the variable s is defined by
s = - ^ e x p ( z / / 7 )  (2 .3 )
and the parameters p, q and r  are g iven by
p - f ç  =  l - \ - 2 kxH \
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pq -  ka;H{ka;H +  1) +
r  =  l i - 2 k x H \  (2,4)
p  and q w i l l be complex i f  and only i f  the frequency u  is above the non-magnetic cut-o ff 
frequency.
We have stated th a t our cond ition on the form ation  o f a norm al mode is th a t 
plasma motions must die out above a certa in height, ensuring th a t a bounded cav ity is 
formed. I t  is not im m ed ia te ly clear a t which frequencies this w ill occur fo r the hypergeo­
m etr ic  function  solution, so i t  is helpful to  exam ine the behav iour o f th is solution in various 
asym ptotic  lim its .
I t  is a general property o f Bessel and hypergeometric functions th a t (Abram ov itz  
and Stegun, 1967: 9.1.70)
-  ______
as A and /.i tend to  in fin ity  through real or complex values, w ith  t i  and rj being fixed. I f  we 
in troduce
= ~ i h
so th a t
h  =  (2.7)
we can rew rite  equation (2.5) as follows. As A and p  tend to  in fin ity  through real or complex 
values and as tg tends to  zero such th a t /.i =  (4Ap)^/^(—tg)^/^ rema ins fixed,
limF(A,M;>)+ l ; i 2) =  - (2-8)
We can apply th is result to  our hypergeometric function solution for Vz. I f  we 
consider the l im it  o f high frequency, > oo and thus the ra tio  A 4 / A 1 w ill tend to  in fin ity . 
Since we can w rite  p and q in  the form
1 +  2 k ,H  i f  4 +  1) +  V / l i l l
2 2 I  { l  +  2 k ^ H y  j  ’ '  ^
we see th a t as A ^ /A i  tends to  in fin ity , p and q tend towards ± io o . Also, i f  we consider 
the l im it  o f large height, so th a t a —» 0, then we can satisfy the cond ition th a t p and q
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tend to  in fin ity  while (4pç)^/^(—5 )^/^ rema ins fixed. Thus, we can use equation (2.8) w ith  
77 =  2kxH  to  w rite  the asym ptotic fo rm  o f equation (2.2) as
=  ceJr, [(4p g )^ /^ (-g )^ /^ ] . (2.10)
Hence, a t high frequencies and large he ights, the asym ptotic lim it  o f the hypergeometric 
function  solution (2.2) is the Bessel function solution (2.10).
Furtherm ore, i t  is a property o f Bessel functions th a t, as <3 tends to  zero fo r fixed 
rj (A bram ov itz  and Stegun, 1967: 9.1.7),
(2.11)
Thus i f  we take our Bessel function solution (2.10) in the lim it  o f large height, so tha t
(4p g )^ /^ (-s )^ /^  0,
then
=  cg exp(A:a,z). (2.12)
Thus in  the lim it  o f large height, the asym ptotic lim it  o f our Bessel function solution is the 
exponential function  solution (2.12).
The reduction o f the hypergeometric function solution through these asym ptotic 
lim its  thus demonstrates th a t at all  frequencies there exists a sufficiently large height above 
wh ich plasma m otions w ill die out exponentially w ith  height.
These asym ptotic solutions can also be found by considering the d ifferentia l equa­
tio n  from  wh ich we find the hypergeometric function solution. I f  we apply only  the trans­
fo rm ation  (1.90) to  equation (2.1), we obta in  the d ifferentia l equation
A 4 I P  , k l l P U;, =  0. (2.13)
Now in  the lim it  o f large and negative z, s w ill tend to  zero. Thus terms such as (1 — 5 ) 
and (1 — 2s) w i l l tend to  unity. We also consider the l im it  o f large frequency, so th a t the
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term  is o f comparable size to  the k lH ^ /s  term  in  the coefficient o f Vz> Then, in  
these lim its , we may w r ite  equation (2.13) as
d'^Vz , d v z  
ds^ ds
The transform ation
It —
---------
A i
then yields the d ifferentia l equation
0. (2.14)
(2.15)
This is the standard form  o f the Bessel d ifferential equation (A bram ov itz  and 
Stegun, 1967: 9.1.1), to  which solutions are the Bessel function o f the firs t k ind, J,, and the 
second k ind Y,,, where in  th is case i] =  2 k x H . As u — 0, the function  Yn(u) is unbounded
fo r a ll ?7 >  0, so our physically realistic solution to  equation (2.16) is
Vz -  cg j,,(?/). (2.17)
In  the high frequency lim it ,
and we can see th a t the argument o f the Bessel function solution (2.10) and our variable u 
are asym ptotica lly equal. Thus the solution (2.17) found from  the asym ptotic form  o f the 
d ifferentia l equation (2.1) is identical to  th a t found by tak ing the asym ptotic l im it  o f the 
fu ll solution to  equation (2.1). This is not surprising, but serves to  confirm  the va lid ity  o f
our Bessel function solution. Furtherm ore, i t  illustrates the significance o f tak ing both the
h igh frequency and large he ight lim its  simultaneously, to  ensure th a t the two terms in the 
coefficient o f Vz in  equation (2.13) are o f sim ilar order.
We can also consider equation (1.89) and allow z to  tend to  negative in fin ity ,
keeping all other quantities fin ite . We then find the asym ptotic form
^  -  k lv ,  =  0. (2.18)
The phys ically realistic solution to th is equation is
Vz =  Cg exp(A:,rz), (2.19)
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in  agreement w ith  the asym ptotic lim i t  o f the Bessel function solution (2.10).
W ha t, then, is the conclusion o f these various results? We have shown th a t at 
sufficiently large heights, the vertica l velocity wiU always die out exponentially w ith  
height. Thus we have a region in  which waves may propagate; th is region is bounded 
fo r waves o f all frequencies. Thus a cavity w ith  the potentia l to  select norm al modes is 
created. Hence fo r a linear po lytrope surmounted by an isotherm al chromosphere w ith  a 
un ifo rm  hor izonta l magnetic field, we may state th a t the cu t-o ff frequency is in fin ite . The 
im plica tion  for the solar problem is th a t i f  th is model reliably represents the Sun, p-modes 
may be formed at a ll frequencies.
We have considered some h igh frequency and large he ight lim its  to  deduce the 
value o f the cu t-o lf frequency. We now tu rn  to  the more general issue o f the nature o f 
plasma m otions throughout the chromosphere, the study o f wh ich requires investigation of 
the c ritica l frequency.
2.3 T h e cr itica l freq u en cy
2.3 .1  D e fin it io n
In  section (1.2.1), we gave the classical description o f the fo rm ation  o f a p-mode 
cav ity  by refraction and reflection o f waves, the process o f reflection at the solar surface 
provid ing the outer shell to  the cavity as well as in troducing the effect o f cut-off. We have 
modelled th is by a non-magnetic chromosphere, for wh ich i t  is found th a t trapp ing  w ill 
occur at z =  0, which represents the solar surface, but only fo r waves w ith  frequencies 
less than the cu t-o ff frequency, u>c- This model thus agrees well w ith  our p icture o f actual 
p-mode behav iour, w ith  the trapp ing o f waves at z =  0 correspond ing to  the reflection of 
waves at the solar surface.
Can we find a s im ilar physical p icture for the case where a un iform  horizontal 
magnetic field is present? We have seen th a t in th is s ituation, a bounded cav ity  w ill form  for 
all frequencies, because a ll waves must be evanescent at sufficiently large heights. However, 
we know noth ing about the form  o f plasma motions in the chromosphere in  general, and we 
do not have a grasp o f the phys ical processes to  which this trapp ing  can be ascribed. To 
prov ide th is, i t  is helpful to  now consider the c r itica l frequency.
In  section 2.1 we gave a general defin ition o f the critica l frequency, as the frequency
45
at which certain local behav iour o f the plasma motions wiU be observed. We now form  a 
more specific defin ition o f the c ritica l frequency by considering again the in tu itive  picture 
o f plasma motions given in section 1.3.3. There we considered the canon ical fo rm  o f the 
wave equation fo r the variable V .v ,  wh ich involved the related variable Q. We associated 
regions o f positive or negative K^(z) w ith  regions in  which oscilla tory-type or exponential- 
type solutions, respectively, would be found fo r Q. Po ints a t which K^(z) was zero would 
then correspond to  heights where the nature o f plasma motions changed from  osc illatory to  
exponential.
Thus in general, we w ill define the c ritica l frequency associated w ith  a given plasma 
m otion  variable as the frequency such th a t «^(z), or its equivalent variable, is zero at a given 
height, —z, in the absence o f any refractive process. For example, in  section 1.4.3, could 
have tw o zeros in  z >  0: one associated w ith  reflection near z =  0, when w % w^, and 
one associated w ith  refraction at large z, when «  k^Cg. The critica l frequency Wa(z) is a 
p roperty  solely o f the stra tified plasma, and is unaffected by the value o f kx] we wish this 
to  be generally true fo r any fo rm  o f the c r itica l frequency; th is ensures th a t the critica l 
frequency w ill only contain in fo rm ation  about the reflection o f waves by the s tra tifica tion  o f 
the plasma, ra ther than the refraction o f waves by a varia tion in sound speed or fast speed. 
Thus fo r the variable Q, the c r itica l frequency Wg w ill be the function o f z defined by
K^(z,Wg)|^ =  0. (2.20)
Thus at a given height — z where refractive processes are not significant, the plasma m otion 
variable Q w ill a lter in  form  from  osc illa tory-type to  exponential-type fo r waves o f frequency
LOq{z).
We m ight equally consider the canonical form  o f the d ifferentia l equation (1.21) 
in  Vz; th is equation w ill not be identical to th a t for V ,u .  We can w rite  such a canonical 
equation in the general form
~  = 0, (2.21)
where X , wh ich is to  and a function  o f the atmospheric parameters, the frequency
w and the horizonta l wavenumber are to  be determ ined. We can again associate an 
oscilla tory-type form  of X  w ith  a region o f positive and an exponentia l-type fo rm  of X  
w ith  a region o f negative The c ritica l frequency for this variable, wh ich we shall call 
Wg., w ill then be defined by
„ = 0. (2.22)
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Again we can state th a t a t a given height —z where refractive processes are not significant, 
the variable X  w ill a lter in  form  from  osc illa tory-type to  exponentia l-type fo r waves o f 
frequency Wz(z).
2 .3 .2  C an o n ica l eq u atio n  in
Let us now evaluate the precise form  o f equation (2.21). S ta rting  from  equa­
tion  (1.21), the transform ation
V, =  p - ^ / ^ X  (2.23)
yields the form  o f equation (2.21). The variable for profiles o f po. and given
by our isotherm al model w ith  a uniform  magnetic field, takes the form
+2 I P  I Co +  v \  J J I Cq +  4 /  — ^ ^ 4
-k l +  (7 1 ) ' ' '^ /  (eg +  u j  )  (w ^  -  k l c l  I ■
Thus our defin ition o f the c ritica l frequency in th is case, equation (2.22), yields a cr itica l 
frequency o f the form
We call th is  frequency the c ritica l frequency fo r the wave variable X  (fo r th is chromospheric 
model). F igure 2.1 shows the varia tion o f the critica l frequency (in  mHz) w ith  z (in 
km ); remember th a t he ight in the chromosphere is given by —z. For th is F igure, and 
fo r F igures 2.2-2.7, we take a chromospheric tem perature o f 4170K and a magnetic field 
strength o f 30G. We see th a t u>x increases w ith  height, tend ing asym ptotica lly to  the value
The significance o f this form  o f the cr itica l frequency may be made clearer by 
considering the fo llow ing sim plifications. In  most o f the solar applications we shall consider, 
the quan tity  is very small. For example, for a typ ica l mode o f degree 50, we find
th a t k'l % 5.3 X 10“ ^®m“ ^; for a mode o f frequency 4.5mHz, th a t % 8.0 X 10“ ^s” ^; and 
th a t fo r a chromospheric tem perature o f 4170K, Cq % 4.5 X 10^m^s“ ^. Thus the value of
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Figure 2.1: The c ritica l frequency (in  mHz) vs. z (in  km ), fo r an isotherm al chromosphere 
at a tem perature o f 4170K w ith  a un iform  horizontal magnetic held o f strength 30G.
is around 3 X 10"'^. A lso, the speed cy is smaller than cq, so k lc ^ /u ^  must be small 
also. Under th is approxim ation, the factor w ^/(w ^ — k^c^) can be w r itte n  as
1LO
k lc l
% 1;
thus under th is approxim ation, equation (2.24) can be w r itten  as
eg cg +  2u^ 2^ ,r w K  +  (7 -  1)' 1cg-t-U^cg +  u j  4/72(cg +  U^)2 
and the transform ation  (2.23) can be w r itten  as
Furtherm ore, we shall in  general be considering high order modes; since
2 ’
oj ~  gkx ( 1 + 2nm
(2.26)
(2.27)
(2.28)
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Figure 2.2: (in  non-d imensioiialised units) vs. z (in  km ). The solid curves are for
frequencies o f (from  top to  bo ttom ) 4, 5, 6, 7 and 8m IIz; chromospheric parameters are as 
fo r F igure 2.1.
we can be sure th a t for large n,
(2.29)
Thus the last te rm  in  equation (2.27) must be small in  comparison w ith  the firs t term . Thus 
we have the fo llow ing approxim ate form  for
k l ,  (2.30)LO =0 4  +  2v l4  + vl  4H^{cl + v i y
th a t is
(2.31)
This expression provides a good approx im ation for 'tp'^{z) in our model, and features the 
c ritica l frequency w^. W hat does i t  te ll us about plasma motions in the model?
F igure 2.2 shows the variation o f 'ip‘^ {z) (in non-dimensionalised units) w ith  z (in  
km ) fo r motions o f frequencies 4, 5, 6, 7 and Sm llz; the h ighest values o f are for the 
highest frequencies. In  general, tends to  —k^ at large heights, im ply ing  exponential-type 
solutions. This corresponds to  our deduction in section 2.2 th a t motions at all frequencies
49
w ill be evanescent above some he ight in the model, and thus th a t modes may form  across 
an in fin ite  range o f frequencies. In  the lower pa rt o f the model, the form  o f depends on 
the frequency o f the mode formed. We can classify these as follows.
1. For modes below a certa in frequency, which we can deduce is given by the value o f 
the c ritica l frequency aX z =  Q~, is negative throughout z <  0. We may assume 
th a t for modes wh ich form  in  th is frequency range, plasma motions throughout z <  0 
w ill be in the form  o f evanescent stand ing waves.
2. For modes at frequencies ly ing  between the m in im um  and m ax im um  o f hr z <  0, 
motions may be o f osc illa tory-type in the lowest part o f the chromospheric model. 
The he ight at which motions change from  osc illa tory-type to  exponential-type wiU be 
approx im ately given by w =
3. For modes at frequencies greater than the m ax im um  value atta ined by in  z <  0, 
motions may again be o f osc iUatory-type in the lowest pa rt o f the model. The he ight at 
which m otions change from  osc illa tory-type to  exponential-type w ill be approx im ately 
given by w =  /ca;(c§ -f-
Thus the trapp ing o f wave motions couched in terms o f the variable X  occurs through two 
d is tinc t physical effects. One, reflection^ is associated w ith  the c ritica l frequency and 
is most im portan t fo r modes o f frequency up to  7.5mIIz. For modes above th is frequency, 
reflection is unable to  completely trap  the waves, and the process o f refraction  operates to  
conta in the wave at a greater height in  the model.
Th is conjunction o f processes is evident in Figure 2.3. Here the solid line represents 
the height (in  km ) at wh ich the tu rn ing  po in t i jf l =  0 occurs, as a function o f frequency 
(in  m Hz). The dashed line represents the curve w =  th a t is the height at which 
a tu rn in g  j)o in t would occur i f  reflection only were present. The dotted line represents 
the curve oo =  kx{cQ - f th a t is the height at which a tu rn ing  po in t would occur i f
refraction only were present. We see th a t fo r modes up to  around 7.5mHz, the ‘reflection- 
on ly ’ approxim ation is a good one, but above the max imum value atta ined in the model by 
LOxt the behav iour asymptotes towards the ‘re fraction-on ly ’ curve.
We can also illus tra te  the fo rm  o f X  in  z <  0 for a mode in  each o f the above 
frequency ranges. Figure 2.4 shows the num erically calculated form  o f X  for modes o f 
frequency 4, 6, 8 and lOmHz, each normalised to  the same exponentia lly decaying solution
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Figure 2.3: Varia tion  o f the height o f the tu rn ing  po int =  0 w ith  frequency (in  m Hz). The 
dashed line gives the ‘reflection-only’ curve, the dotted line ‘re fraction-on ly ’ ; chromospheric 
parameters are as fo r F igure 2.1.
a t large height. In  each case the form  of X  should be compared w ith  the form  of 
displayed in  F igure 2.2. We see th a t for the 4 iiiH z mode, the top curve in Figure 2.4, 
X  is exponentially decaying w ith  height throughout z <  0. For the Gmllz mode, X  is 
exponentia lly decaying th roughout most o f z <  0, but shows signs o f the beg inning o f 
oscilla tory behav iour near z =  0; the tu rn ing  point for this frequency occurs at a height o f 
around 200km. For the 8mHz and lO m llz  modes, X  is p la in ly  oscilla tory in the lowest part 
o f the model; the turn ing  points at these frequencies occur at a height o f around 1000km.
In summary, when we are considering the wave variable X ,  we And tha t the be­
hav iour o f plasma m otions in our magnetic chromospheric model depends on the frequency 
o f the m otion, and th a t all waves can be trapped by a comb ination o f reflection, associated 
w ith  the c ritica l frequency u>x, and refraction.
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Figure 2.4: The plasma m otion variable X  ( in  non-dimensionalised units) vs. z (in  km ), 
fo r frequencies of, from  top to  bo ttom , 4, 6, 8 and lOmHz; chromospheric parameters are 
as fo r F igure 2.1.
2 .3 .3  C an o n ica l eq u atio n  in  V .t ;
Let us now look again at the canonical form  of the d ifferentia l equation in  V .u ,  
equation (1.24), w ith  given by equation (1.25). In  our model, these equations reduce to
dz'^ (2.32)
where
+
W ■ /.2
H---- w ( f w (2.33)
We can im m ed ia te ly find the cr itica l frequency for th is variable, ojq, as defined in
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Figure 2.5: The critica l frequency Wg (in mHz) vs. z (in km ). Chromospheric parameters 
are as for F igure 2.1.
equation (2.20); i t  is given by
(2.34)
F igure 2.5 shows the variation o f Wg (in  m Hz) w ith  z (in  km ) for the same chromospheric 
parameters as F igure 2.1. We see th a t the critica l frequency increases indefin ite ly w ith  
height.
We can also consider the form  o f in  z <  0. The solid line in Figure 2.6 shows 
the varia tion o f (in  non-dimensionalised units) w ith  z (in  km ) fo r m otions o f frequency 
6mHz. The m a in features o f this curve are as follows: again, tends to  —k'l a t large 
he ights; there is a s ingularity associated w ith  =  0, at which —> —oo; and
there is a region near z =  0 in  which >  0. The potentia l s ingularity associated w ith  
=  0 is un im portan t since we have seen th a t fo r the modes we shall consider,
0. The dotted line depicts the variation o f an approxim ate form  o f given
by
UJ
c i -b v ‘
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Figure 2,6: (in  non-d imensionalised units) vs. z (in  km ) for motions o f frequency 6mHz.
The solid curve dep icts the fu ll form  of the dotted line the approxim ate form ; chromo­
spheric parameters are as for F igure 2.1.
4 / / 2 ’ (2.35)
obta ined by neglecting refractive effects entirely. A t heights o f less than around 700km, the 
solid and dotted lines coincide, im ply ing  th a t the position o f the tu rn ing  po int =  0 is 
given accurately by the approx im ate form  for
I t  can be shown th a t the approx im ate form  o f k? w ill always accurately pred ict the 
position o f the tu rn ing  po in t for modes w ith in  a certain range o f k^. F irs tly  le t us assume 
th a t in  the lowest p a rt o f the model, we can consider the asym ptotic lim i t  h'^v\juP ‘ <C 1. 
This, along w ith  the approxim ation th a t C  1 which we have already encountered,
reduces h? to  the form  given in equation (2.35). The zero o f this approxim ate form  o f 
w i l l occur where
v \  =  -  c l' (2.36)
the value of k^v^ fu '^  at th is height w ill thus be given by
Ê Û  = (2.37)
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Figure 2.7: (in  non-dimensionalised units) vs. z (In km ) near z=0, fo r modes o f frequency
(from  bo ttom  to top) 4, 5, 6, 7 and 8m IIz. Chromospheric parameters are as fo r F igure 2.1.
The quan tity  4Ar^/f^ w ill be small in  our problem as long as <C / cq\ th is w ill be satisfied 
fo r modes such th a t I <C 4270. Thus fo r the range o f I we w ill consider in  this thesis, the 
approxim ation <C 1 is valid at least up to  the height o f the tu rn ing  point given by
equation (2.35).
Thus the position o f the tu rn ing  po in t =  0 fo r this problem is accurately given 
by the approx im ate form  o f given in  equation (2.35). The conclusion o f this is th a t 
reflection o f waves by the s tra t ifica tion  of the plasma is solely responsible fo r the trapp ing 
o f waves expressed in  terms o f the variable Q. The cr itica l frequency associated w ith  this 
reflection is Wg, as given in equation (2.34). Furtherm ore, under these approx im ations, we 
can w rite  th a t
Q -  +  v \ ) V .v .  (2.38)
We can consider the form  o f k? near its  zero for modes at a range o f frequencies. 
Figure 2.7 shows the varia tion o f the fu ll form  o f (in non-d imensionalised units) w ith  z 
(in  km ) fo r modes o f frequencies 4, 5, 6, 7 and 8m liz . We see th a t is obv iously greater 
fo r higher w, as is the height o f the tu rn ing  po int. We also see a ‘bunching together’ o f the
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curves, caused by the fact th a t at a ll frequencies, tends to  the value — l / 4 i / ^  before 
the s ingu larity  has its  effect.
In  the region where C  1, we can find a more general approx im ation for
w itho u t requiring th a t g ^k l/o j^  <  1. Under the approx im ation k^v^/u"^  <  1, terms 
such as — k lv \ )  can be w r itte n  as
w
1,
allow ing us to  w rite  the form  o f as
'2 1
or
where
OJ
OJr 9 9 '
(2.39)
(2.40)
(2.41)
The result (2.39) can be compared w ith  a previously published form  o f h? obta ined 
under the same approx im ation. Roberts and Campbell (1986) give a form  o f «2 wh ich, fo r 
our model, reads as follows:
OJ +Co +  v \  (eg +  ATP + W2
Co
CO+^A
+  A, (2.42)
where ojg is the buoyancy frequency and A is described as being o f the order k lv \/o j'^T I'^ , 
and generally negligible. Our form  o f P  d iffers from  equation (2.42) in  two respects.
1. The second term  on the r ight-hand side o f equation (2.42) does not appear in  equa­
tion  (2.39). This term  is produced by the expansion of the firs t term  on the right-hand 
side o f equation (2.33), th a t is
OJ
OJ^
OJ + k lc l v l4 + v \  ( c i + v \ r
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Thus the term  in question is o f order compared to  the term  w2/(cg +  and
may thus be neglected, even though the expanded term  does not exp lic itly  involve the 
small quantity
2. We can w rite  the last but one term  o f equation (2.42) in the form
Thus the discrepancy between th is  term  and the fina l te rm  o f equation (2.39) is the 
appearance o f the facto r Co/ ( cq +  in  the firs t terms inside the square bracket. In  
other words, the difference between the tw o expressions is the term
f2 43)
Th is is apparently a te rm  involving k1 v \/( jp ^  and as such may have been neglected 
in  the derivation o f equation (2.42). However, unlike the term  in  1. above, there is no 
term  elsewhere in  the equation compared to  which the term  (2.43) is defin ite ly small; 
the only other term  involving g /H  is
w2 H  eg +  u y
and to  neglect the term  (2.43) relative to  th is term  would be in effect to  state tha t 
v \  <C eg, which we do not in  general wish to  impose.
In  any case, the terms in  which the discrepancies a,rise do not affect our description o f the 
significant aspects o f the behav iour o f h?  given above.
In  summary, when we are considering the wave variable Q, we find tha t the be­
hav iour o f plasma motions in  our magnetic chromospheric model is s im ila r for a ll frequencies 
above the non-magnetic cu t-o ff frequency. Waves can be trapped by reflection alone, asso­
ciated w ith  the c ritica l frequency Wg.
2 .3 ,4  D iscussion
We have found tw o d ifferent critica l frequencies, oJx and w ,, by considering canon­
ical d ifferentia l equations in  two d ifferent variables, X  and Q. The forms o f the functions 
-ijp and hP te ll us about the form  o f the variables X  and Q respectively. B u t why are there 
two d ifferent c ritica l frequencies, and two functions w ith  apparently d ifferent behaviour?
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To answer th is question, i t  is helpful to  reconsider the linearised basic equations, 
equations (1.10) to  (1.17). We have shown th a t the behav iour o f the variable Q, wh ich is 
related to  the divergence o f the velocity, V .-ü, does not depend on the value o f kx. Let us 
thus look at the case =  0. For th is case, we see from  equation (1.17) th a t
V .«  =  f , (2.44)
while fo r a un ifo rm  magnetic field, equation (1.10) teUs us th a t
iu jB ix  — (2.45)
im ply ing  th a t
V .u  =  (2.46)JjQ
Thus, in  considering the variable V .u ,  we are really considering the variable B ix ,  the 
hor izonta l pertu rbation  o f the magnetic field.
I t  is not surprising th a t d ifferent variables have d ifferent forms o f behav iour in  the 
model. A  fast magneto-acoustic wave propagating upwards w ill pe rtu rb the equilibr ium  
pressure and density, d is tu rb the sha.pe o f the magnetic held and induce horizonta l and 
vertica l m otions in to  the plasma. Each variable can have a d ifferent nature in  a particu la r 
region, since a com b ination o f gas pressure, magnetic pressure and magnetic tension forces |
govern the various types of pertu rbation  established. The hor izonta l component o f mag­
netic held perturbation  may well be dy ing out w ith  height, while the vertica l velocity may 
osc illate w ith  height. The critica l frequency we w ill find is thus completely dependent on 
the perturbation  variable under consideration.
We have found two forms fo r the cr itica l frequency, and found th a t the behav iour 
o f m otions in  the chromospheric model is often sim ilar to  th a t found in the absence o f 
hor izonta l propagation (th a t is w ith  kx =  0.) This leads us to  the problem o f vertical 
propagation o f fast magneto-acoustic waves in  a uniform  hor izonta l magnetic held. I t  is to  
th is problem we now turn .
2.4  V ertica l p rop agation
We proceed w ith  th is investigation by rev iewing some prev ious work on the subject, 
and find a number o f contrad ictions in the lite ra tu re . We a ttem pt to  resolve these by 
exam ining in  tu rn  the cu t-o ff frequency and cr itica l frequency in  th is s ituation.
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2 .4 .1  R e v ie w
The general d ifferentia l equation for wave motions in  our model is given in  equa­
tio n  (1.89) o f section 1.5.3; the transform ations (1.90) and (1.91) y ie ld equation (1.92), 
which can be solved in  terms o f hypergeometric functions. W hen motions are purely ve rti­
cal, correspond ing to  kx =  0, equation (1.89) reduces to
. cR 1 dvz u>
dz^ H  c l +  v \  dz c l +
In  th is lim it ,  the transform ation  (1.91) is obv iously redundant; thus we have the single 
transform ation
s ■ — — — % exp {z f (2.48)
and, since is identical to  W  in  this lim it ,  the transformed equation (1.92) can now be 
w r itte n  as
+  =  (2.49)
We can solve th is d ifferentia l equation in terms o f hypergeometric functions, as for 
the non-zero kx case (section 1.5.3):
Vz =  C4 F (a ,6 ; l ; s ) ,  (2.50)
where
ab =  — «—
4
and
a -f 6 =  1 .
Follow ing Thomas (1982), we can also find solutions to  the d ifferentia l equation 
(2,49) in terms o f Legendre functions. Under the transform ation
^ =  1 -  2a, (2.51)
equation (2.49) becomes
th is  equation is in  the form  o f Legendre’s d ifferentia l equation (A bram ov itz  and Stegun, 
1967: 8.1.1), th a t is
u =  0, (2.53)
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w ith  / i  =  0 and 7/(77 +  1) =  ~oP f P { Cq. Solutions to  th is equation can thus be w r itte n  in 
term s o f the Legendre functions o f order f i and degree 77 (A bram ov itz  and Stegun, 1967: 
8.1.1).
Thomas (1982) states th a t in  order th a t the time-dependent solution
=  (2.54)
represent a wave propagating vertica lly, i t  is necessary and sufficient th a t 77 have a non-zero 
im ag inary pa rt, th a t is th a t
(2.55)
Thomas concludes tha t waves above th is frequency w ill propagate to  indefin ite ly large 
heights, and thus th a t the cu t-o ff frequency is in  th is case given by equation (2.55), and 
is thus identica l to  th a t for the non-magnetic problem. From our po in t o f view, the im p li­
cation is th a t the magnetic field does not a lter the cut-o ff frequency fo r p-mode form ation 
from  its  non-magnetic value.
A nother investigation in to  this problem was carried out by Musielak et al. (1989). 
They consider a isotherm al uniform  magnetic field model wh ich extends indefin ite ly in  the 
±.g d irection. They place a “ forcing plane”  a t some po in t in the ir model, and consider the 
behav iour on either side o f the forc ing plane separately. On the upper side of the forc ing 
plane, the A lfven speed increases indefin ite ly w ith  height, so Musielak et al. consider the 
cold plasma l im it  (/3 —> 0) o f the d ifferentia l equations. The transform ation (2,48) tells 
us th a t th is lim it  corresponds to  the l im it  o f 5 0 from  below. Thus we can w rite
equation (2.49) as
which under the transform ation
2ol>H  , , 1 / 0  2ojHu — (2.57)
Co VA
becomes
-f u^Vz =  0. (2.58)chP an
Th is  is equivalent to  equation (7) o f M usielak et al. (1989). Solutions to  th is equation occur
in  the form  o f the Bessel functions o f order zero, Jo(w) and Yo(u) (A bram ov itz  and Stegun,
1967: 9.1.1); a general solution to  equation (2.58) is thus
Vz =  C3Jo(îO -f C4Yo(7i). (2.59)
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Figure 2.8: The Bessel function Jo(w) vs. u
The im portan t factor is now the behav iour o f th is expression as w —» 0 , since 
equations (2.48) and (2.57) te ll us th a t as z —> —oo, s —> 0  and thus u —» 0 . As w -> 0 +, 
the function  Yo(w) becomes in fin ite ly  large (Abram ov itz  and Stegun, 1967: 9.1.1), so a 
cond ition o f fin ite  energy dens ity at in fin ity  rules out this solution. Thus we are le ft w ith
Ujj. — C3 J 0 ( îi ) • (2.60)
The behav iour o f Jq(w) as u —> 0+ is depicted in Figure 2.8. For u less than around 2, there 
are no zeros o f Jo(u); th is implies th a t there are no nodes o f Vz above a certa in height in 
the atmosphere. As u ^  0 , Jq(?0 —^ 1; thus Vz tends to  a constant value at in fin ite  heights. 
Neither o f these features correspond to  our idea o f osc illatory behav iour.
Furtherm ore, Musielak et al. (1989) consider the travel tim e o f a fast wave prop­
agating upwards in such a model. In  the cold plasma l im it ,  th is is given by
dz
- ~ L (2.61)
wh ich yields a fin ite  trave l tim e o f r  =  211/vq. They conclude from  th is th a t the wave 
m otion  must form  a stand ing wave above the forc ing plane.
61
Finally, Musielak et al. (1989) consider the analogy o f A lfven waves propagating 
in  a un ifo rm  vertical magnetic field. The d ifferentia l equations for th is problem are identical 
to  those which hold in  the cold plasma l im it  o f our problem. The A lfven wave problem has 
been stud ied by (amongst others) A n, Musielak, Moore and Suess (1989), who conclude from  
a numerical study th a t p a rtia l reflection takes place throughout the atmosphere, allow ing 
stand ing waves to  form . By the tim e the A lfven waves reach in fin ity , reflection has become 
to ta l.
The conclusion which Musielak et al. (1989) reach from  these various perspectives 
is th a t upwardly propagating waves at all frequencies are trapped by the magnetic field, 
im ply ing  an in fin ite  cu t-o ff frequency. This is obv iously in contrad ic tion to  the conclusion 
o f Thomas (1982), wh ich is th a t in the presence o f a un iform  magnetic field, the cut­
o ff frequency s till takes its  non-magnetic value o f cq /2 //. Musielak et al. (1989) attem pt 
to  resolve the s itua tion  by considering a wave propagating downward from  the ir forcing 
plane, and, by considering now the high-/? lim it ,  demonstrate th a t the non-magnetic cut-o ff 
frequency is appropriate to  this s ituation. The ir conclusion is th a t, in  his analysis, Thomas 
(1982) has picked up the downward-propagating wave, and formed the wrong conclusion 
about the cu t-o ff frequency as a result.
Musielak, Fontenla and Moore (1992) look again at the parallel problem o f A lfven 
waves in  a vertica l magnetic field, and a ttem pt to  derive a m athem atical form  for the cr itica l 
frequency for th is problem. They state th a t in  previous work on th is problem, includ ing 
the numerical study o f A n et al. (1989), the frequency
^  (2.62)
is found to  be s ignificant. A t a given height — z, waves below th is frequency w ill suffer 
significant reflection. A lte rnative ly , equation (2.62) w ill give the height a t which waves of 
a given frequency w w ill undergo the most s ignificant reflection. This is physically under­
standable in  the follow ing terms. We can form  a local vertica l wavenumber for the A lfven 
wave, kz, defined by kz =  w/uyt. This allows us to  calculate a local vertica l wavelength, A^, 
given by
Az =  (2.63)
W here th is wavelength is much smaller than the A lfven speed scale length, 2JF/, we would 
expect the wave to  be largely unaffected by the varia tion in v a \ th is w ill occur when the
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cond ition Vyi/a; <C 2 / / ,  and thus the cond ition a; >■ Wa hold. The wave w ill s ta rt to  be 
affected by the varia tion in va when the wavelength is sim ilar to  the A lfven speed scale 
he ight; th is  w ill occur around the po in t where w =  W here cu <C the local wavelength 
wiU be much longer than  the A lfven speed scale he ight, and so the atmosphere wiU appear 
sharply d iscontinuous to  the wave, and severe reflection wiU occur. Musielak et al. (1992) 
a ttem pt to  derive a fo rm  o f the cr itica l frequency consistent w ith  th is  physical observation.
They do th is by considering not only the wave equation in  terms o f veloc ity per­
tu rbations, as we have done up to  now, but also the d ifferentia l equation describing the 
magnetic field perturbations. They couch these equations in what is known as Klein-Gordon 
form , wh ich for our purposes may be generally w r itte n  as
—  -t-  ^ =  0, (2.64)
where e is either wave variable, r  is the travel tim e o f the wave re lative to  some po in t and 
u>cr is some frequency, the form  o f wh ich w ill depend on the wave variable being consid­
ered. In  cases where ojcr is a constant, i t  is found tha t Ua- represents the cut-o ff frequency 
fo r the problem: waves o f frequency greater than a>c- propagate, those below evanesce. 
Musielak et al. (1992) state th a t they w ill demonstrate th a t, where w^r is not constant, it  
can be identified as the local c r itica l frequency fo r reflection.
The form  o f the cr itica l frequency featuring in equation (2.64) depends on whether 
the wave variable considered is the velocity or magnetic field perturbation . Thus the au­
thors a ttem pt to  identify  the “ correct” c ritica l frequency by comparison w ith  the existing 
knowledge o f the problem. The two possible forms o f the cr itica l frequency featuring in  the 
tw o K lein-Gordon equations are given by
the ‘ - f ’ case is derived from  the magnetic field perturbation  equation, the ‘ —’ case from  
the veloc ity perturbation  equation. Bearing in m ind th a t the c r itica l frequency would be 
expected to  be s im ilar to  th a t given in equation (2.62), the authors identify
as the c ritica l frequency fo r reflection o f A lfven waves in a vertica l held.
Musielak et al. (1992) thus ju s tify  the use o f the ir K le in -G or don equation by 
dem onstrating th a t the frequency produced is sim ilar to  th a t previously observed. However,
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th is  correspondence is hard ly surprising, since they specifically picked th a t frequency, rather 
than  th a t given by the veloc ity pertu rbation  equation, precisely because i t  is sim ilar to  the 
expected answer. Thus Musielak et al. (1992) have found a self-consistent approach to  the 
problem , bu t the ir result does not prove th a t the Kle in-G ordon equation gives a correct, 
unique critica l frequency.
The K le in-G ordon equation is also used by Stark and Musielak (1993) to  study the 
problem  o f fast waves in  a horizonta l magnetic field. They construct firs t the d ifferential 
equations in  Vg and B ix , the magnetic field perturbation . The equation in  Vg is as given in 
equation (2.47); the equation in is given by
Stark and Musielak then transform  equation (2.67) in to  K lein-G ordon form  as 
follows. They firs t transform  in to  the travel tim e variable r ,  here defined by d r  — dz/cy. 
They then carry out the transform ation  to  elim inate the firs t derivative term.
The result o f these transform ations can be w r itte n  as
where
— <^b) &  — 0, (2.68)
(2.69)
and
1 d$(, 2cq -  V
d r  *  A H ( c l + v \ y l ' ‘
Calculation o f the explic it fo rm  o f wh ich requires the inverse transform ation dz =  Cf d r, 
yields the result
_  ‘ O 1______ M  7 , \‘ 1 6 ^ ( 4  + v \ y  ( (
We see th a t in the cold plasma l im it  (co =  0), this is consistent w ith  the result derived by 
Musielak et al. (1992).
Stark and Musielak (1993) then state th a t i f  the c ritica l frequency is the correct 
one, i t  should be possible to  derive i t  from  the veloc ity pertu rbation  equation also. Thus 
they transform  equation (2.47) in to  K lein-Gordon form . Here they define r  such tha t 
dz =  —dz/cy , stating th a t in  this case the m inus sign corresponds to  upward propagating 
waves; under the furthe r transform ation  equation (2.47) becomes
+  (u)^ -  &  =  0, (2.72)
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where
and
1 d ^u  2cJ +  v \
$ „  d r  A H (c l +  v \y l '^  “ ■
They state th a t the c r itica l frequency obta ined from  equations (2.73) and (2.74) is then 
identica l to  th a t given by equation (2.71). Thus they conclude th a t =  (x>b is the unique 
fast wave critica l frequency fo r upward propagating waves.
However, th is result also appears puzzling. In  Musielak et al. (1992), i t  was clearly 
demonstrated th a t the two wave equations produced entire ly d ifferent c ritica l frequencies. 
I t  is physically understandable th a t th is  should be the case. Yet S tark and Musielak (1993) 
find the same cr itica l frequency from  d ifferent d ifferential equations. W ha t is the reason for 
th is  apparent contrad iction?
In  the rema inder o f th is  section we w ill discuss the two contrad ictions present in 
the lite ra tu re  reviewed above. We can summarise the two problems as follows;
1. Thomas (1982) states th a t, because o f the complex nature o f the degree o f the Leg­
endre function solutions, waves above the non-magnetic cu t-o ff frequency w ill also 
propagate in  the non-ma,gnetic case; thus the magnetic cu t-o ff frequency is identical 
to  the non-magnetic one. Musielak et al. (1989) state th a t, from  various considera­
tions, waves o f all frequencies are trapped by the magnetic field, and so the magnetic 
cu t-o ff frequency is in fin ite ;
2. Musielak et al. (1992) state th a t, in  the problem o f A lfven waves in a vertica l field, 
d ifferent c ritica l frequencies are found from  the d ifferentia l equations in  Vg and 
phys ical exam ination is necessary to  pick the “ correct”  frequency. S tark and Musielak 
(1993), considering the sim ilar problem o f fast waves in a horizonta l field, apparently 
find one unique critica l frequency whichever wave variable is considered.
We w ill consider a range o f exact solutions and the qua lita tive  behav iour o f certain 
d ifferentia l equations in an a ttem pt to  resolve these contrad ictions, firs tly  in  the case o f the 
cu t-o ff frequency and secondly in tha t o f the critica l frequency.
2 .4 .2  T h e  c u t-o ff freq u en cy
Thomas (1982) finds his exact solution in terms o f Legendre functions from  the
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fu ll d ifferentia l equation in  v^; this solution is equivalent to  the hypergeometric function 
solution given in  equation (2.50). He concludes from  the behav iour o f the Legendre functions 
th a t waves propagate at frequencies above the magnetic cut-off. Musielak et al. (1989) find 
a solution in  terms o f Bessel functions in  the cold plasma l im it  o f the same d ifferentia l 
equation, and conclude from  th is  th a t waves are evanescent sufficiently high in  the model. 
B u t since these two approaches s ta rt from  the same d ifferentia l equation, there must be 
some relationship between the two apparently contrad ic tory solutions. Consideration o f 
any such relationship should help resolve the argument.
We have seen th a t i t  is a general property o f Bessel and hypergeometric functions 
th a t (A bram ov itz  and Stegun, 1967; 9.1.70)
as A and /a tend to  in fin ity  through real or complex values, w ith  t i  and ?j being fixed. In 
the case o f ?; =  0, th is  gives us th a t as A and jii tend to  in fin ity  through real or complex 
values fo r fixed,
J o (ti)  ~  l im F  . (2.76)
I f  we now introduce
=  4$
SO th a t
our rule reads as follows: as A and jli tend to  in fin ity  through real or complex values and <2 
tends to  zero such th a t =  (4A/f)^/^(-<2)^^^ remains fixed,
lim F (A ,/z ; IjZg) =  Jo [(4A/z)^/^(-<2)^/^] • (2.78)
Let us now look again at the hypergeometric function solution to  the d ifferentia l 
equation in  v^, as given by equation (2.50), in the case o f large co and large he ight. Thomas 
(1982) states th a t waves above the non-magnetic cut-o ff frequency w ill propagate at all 
heights, while Musielak et al. (1989) state th a t waves at a ll frequencies w ill be evanescent 
a t large he ights, so this case is most suitable fo r d iv in ing any discrepancies between the two 
results. I f  we le t —» 0 0  and z —> —0 0  such tha t the quantity  e x p (z / / / )  is fixed, then 
bo th  a and b w ill tend to  in fin ity , and the quantity  (4n6)^/^(—s)^/^ w ill rema in fixed. Under
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these cond itions we can apply the lim it  given in  equation (2.78), allow ing us to  w rite  the 
lim it in g  form  o f the solution (2.50) as
—  C 4 Jq \ 2u H e x p (z /2 iT )j . (2.79)%
Recalling th a t the variable u is as defined by the transform ation (2.57), we see th a t the 
solution (2.79) can be w r itten  as
Vz =  C4Jo(u). (2.80)
Thus, in  the lim it  o f large height and h igh frequency, the hypergeometric function solution of 
Thomas (1982) and the Bessel function solution o f Musielak et al. (1989) are identical. The 
propagatory behav iour Thomas (1982) observes in  the Legendre functions (equivalent to  the 
hypergeometric function solution) must thus in some way be consistent w ith  the ‘evanescent’ 
behav iour deduced by Musielak et al. (1989). The contrad iction must be introduced in  the 
deductions tha t either Thomas (1982) or Musielak et al. (1989) make from  the ir solutions.
Thomas (1982) makes the deduction th a t, because waves can propagate throughout 
the model at frequencies greater than the non-magnetic cut-o if, waves must propagate to  
in fin ity . However, th is does not mean th a t some reflection o f the waves cannot take place. 
Musielak et al. (1989) state th a t above a certa in height in  the atmosphere, there are no 
nodes o f veloc ity pertu rbation , and deduce th a t wave motions must be evanescent above 
th a t po in t. They also state th a t the travel tim e o f a wave propagating to  in fin ity  is fin ite , 
and conclude th a t a stand ing wave must be formed. However, both these phys ical arguments 
are suspect, since we are dealing w ith  an unphysical situation: the A lfven  speed becomes 
indefin ite ly  large w ith  height, so i t  is not necessarily true tha t a wave would take an in fin ite  
tim e to  trave l an in fin ite  distance. Also, the form  o f Jo(%) shown in F igure 2.8 is ‘stretched’ 
by the in fin ite  A lfven speed, so i t  is not clear th a t the absence o f nodes above a certa in 
height necessarily implies evanescent behaviour. Indeed, the form  o f Jo(n) displayed in 
F igure 2.8 more resembles osc illatory behav iour.
A  more accurate description o f the s ituation m ight go as follows. We can see th a t 
fo r a ll frequencies above the non-magnetic cut-off, there is some form  o f propagating be­
hav iour a t any given height in  the model. However, as is shown num erically by A n  et al. 
(1989), p a rtia l reflection w ill take place, particu la rly  above the he ight where the local ver­
tica l wavelength becomes longer than the density scale height. A n et al. (1989) also state
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th a t by in fin ity , pa rtia l reflection w ill have become to ta l reflection; i t  can be inferred from  
th is  th a t at any given f in ite  height, there w ill s till be some propagatory behav iour. Thus a 
peculiar s itua tion  arises, which we m ight call ‘evanescent propagation ’ . Waves are propa­
gating, but the increasing A lfven speed is stretching the velocity nodes o f the wave apart; 
as the A lfven speed goes to  in fin ity , the form  o f the wave is also stretched out to  in fin ity .
Since reflection is tak ing  place for all frequencies, however, we can conclude th a t modes 
may form  at a ll frequencies, and tha t the cu t-o ff frequency may be taken as in fin ite .
W hat we are seeing here, then, is a h ighly singular problem; were the wave not 
a ttem p t ing  to  propagate at precisely right-angles to  the magnetic field, the behav iour would 
be very d ifferent, as we have already seen. There is also an unphysical element introduced 
in to  the problem by the effect o f indefin ite ly increasing A lfven speed. Thus the application 
o f th is  knowledge to  the solar problem is lim ited.
O ur conclusion on the debate between Thomas (1982) and Musielak et al. (1989) is 
th a t neither is te lling the whole story; waves are in a sense both  propagatory and evanescent 
in  such a s ituation. Since reflection occurs at a ll frequencies, however, there is the possib ility 
fo r norm al modes to  fo rm  at all frequencies, and so the cut-o ff frequency must be considered 
to  be in fin ite .
2 .4 .3  T h e  c rit ic a l frequency
We have described how Musielak et al. (1992) find two forms o f the Kle in-Gordon 
equation describing vertica l A lfven wave propagation in a vertica l magnetic field, one in 
term s o f the veloc ity pertu rbation  and one in terms o f the magnetic field perturbation  
Bioj. The two c ritica l frequencies im plied by the two equations are d ifferent. Stark and 
Musielak (1993), considering the related problem o f vertical propagation o f fast magneto- 
acoustic waves in a horizonta l field, find the same form  o f the c r itica l frequency from  the 
equations in  the two d ifferent wave variables. The ir c ritica l frequency derived from  the B \x  .
d ifferentia l equation is given in equation (2.71); in  the cold plasma l im it ,  this reduces to  !
the c ritica l frequency found by Musielak et al. (1992) from  the correspond ing B \x  equation, 
as we would expect. However, the cr itica l frequency found by S tark and Musielak (1993) :
from  the equation does not reduce to  th a t found by Musielak et al. (1992) from  the |
correspond ing equation. W hy is this? I
In  the derivation o f equations (2.68), (2.69) and (2.70), Sta.rk and Musielak (1993)
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used the transform ation  d r  =  d z fc j,  whereas in  the derivation o f equations (2.72), (2.73) 
and (2.74) they used the transform ation  d r  =  —dz/cy, s ta ting th a t th is transform ation 
corresponds to  the case o f an upward propagating wave. There appears to  be no basis for 
th is difference in  transform ation, since no firs t derivatives in  r  appear. We confirm  th is 
by carry ing out the general transform ation  d r  =  ± d z /c f ,  firs tly  in  the case o f the B ix  
d ifferentia l equation. We find th a t equations (2.68) and (2.69) are unchanged, but th a t 
equation (2.70) is replaced by
1 ±  =  0. (2.81)06 dT 4Jf(cg +  r^ ) i /2
The evaluation o f W& then demands tak ing  the firs t derivative w ith  respect to r  o f each term  
in  equation (2.81); then the inverse transform ation dz ~  ± C fd r  is invoked, since Cg and v \  
are expressed as functions o f z. The effect o f this is to  square the ‘ ± ’ factor. Thus the 
c ritica l frequency found from  equation (2.81) does not depend on whether the ‘+ ’ or ’ 
sign is taken in  the transform ation.
Thus there appears to  be no need to  specify tha t d r  =  —d z /c /  when considering 
the Vz d ifferentia l equation. Indeed, we can carry out the general process described above 
fo r the Vz d ifferentia l equation also. We na tu ra lly  find the same K le in-G ordon form  as in 
equation (2.72), but w ith  the c ritica l frequency now given by
“  161/ 2(4 +î>2 )- (2 .82)
The cold plasma l im it  o f th is result, th a t is
(2.83)
is consistent w ith  the result o f Musielak et al. (1992) for th is variable.
If, however, we specify the in it ia l transform ation d r  — —dz/cy , as Stark and 
Musielak (1993) have done, and then use the incorrect inverse transform ation  dz =  -j-cydr, 
we find the answer given by Stark and Musielak (1993) for this variable, namely Uu =  oJb- 
O ur conclusion is th a t Stark and Musielak (1993) have made a m istake in the ir derivation 
o f Wu. This leads them to conclude th a t they have found a unique c ritica l frequency Wc; our 
conclusion, on the other hand, agrees w ith  the previous work o f Musielak et al. (1992) in  tha t 
the wave equations themselves produce two d is tinct candidates for the cr itica l frequency.
Where we d iffer from  Musielak et al. (1992) is in the ir process o f selection o f one 
unique critica l frequency from  the two candidates. They choose the frequency appearing in
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the magnetic field perturbation  equation as the critica l frequency, and apparently discard 
the frequency appearing in the velocity pe rtu rbation  equation. However, th is frequency 
must have a significance for the form  o f the Vz solution, and, as we have seen, i t  is physi­
cally understandable th a t d ifferent wave variables should be governed by d ifferent critica l 
frequencies. Thus i t  is neither necessary or possible to  choose one unique critica l frequency 
fo r the problem.
Th is concludes our investigation in to  the problem o f vertica l propagation. We now 
summarise the ma in find ings o f th is chapter.
2.5 Sum m ary
We have considered the case o f an isotherm al plasma conta in ing a uniform  hor i­
zontal magnetic field. We can employ th is as a chromospheric model in  our discussion of 
the solar problem.
For th is  model, wave m otions are always evanescent above a certa in height in  the 
chromospheric model; thus the magnetic field has the capac ity to  provide a ‘ro o f’ to  our 
mode cav ity, even fo r modes o f frequency above the non-magnetic cu t-o ff frequency. Our 
conclusion is thus th a t the cu t-o ff frequency is in fin ite  in  this s ituation.
We have demonstrated tha t both reflection and refraction play a role in  the trap ­
ping o f waves, and th a t propagating waves arise in the lowest part o f the chromospheric 
model fo r modes w ith  frequencies above the magnetic cut-off. The nature o f the wave 
m otion th a t an observer would be like ly to  detect w ill depend on the particu la r variable 
(pressure, velocity etc.) under consideration.
In the problem o f purely vertica l propagation, we have exam ined the apparent con­
trad ic tion  between Thomas (1982) and Musielak et al. (1989) and, through an asym ptotic 
comparison o f the ir results, demonstrated th a t there is no actual contrad iction , except in  
the inferences drawn from  the ir results. We have also considered the exam ination o f critica l 
frequency conducted by Musielak et al. (1992) and Stark and Musielak (1993), and found 
an apparent error in the la tte r paper. In  any case, we conclude th a t i t  is neither necessary 
nor possible to  find a unique c ritica l frequency valid fo r all wave variables, as has been 
attem pted in  both these papers.
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C hapter 3
A n  in itia l in v estig a tio n  o f  
freq u en cy  sh ift tu rn over
3.1 In tro d u ctio n
Our aim in th is Chapter is to  investigate some possible causes o f the observed sh ifts 
in p-mode frequencies over the solar cycle. This phenomenon, reported in  the observational 
work o f L ibbrecht and W oodard (1990, 1991) and E lsworth et al. (1990), was described in  
section 1.2.3. In  particu la r we are interested in the apparent “ tu rnover”  in  frequency shift 
a t around 4mHz, as reported by L ibbrecht and Woodard (1991). W ha t processes could 
have a role to  play in  creating this effect?
We discussed in  section 1.1.2 th a t the solar cycle is considered to  be fundam entally 
a magnetic effect. The strength o f field, or the amount o f magnetic flux , resident in  the 
various magnetic field sites, both  w ith in  and on the surface o f the Sun, would be expected to  
vary over the solar cycle. There may be add itional ind irect effects. For example, the solar 
magnetic field can alter the tem perature o f large regions o f plasma, e ither by inh ib iting  
energy flows (as in the case o f sunspots), or by heating (as, fo r example, through the 
d issipation o f A lfven waves.) Thus i t  is like ly  tha t the tem perature o f magnetic regions 
such as the chromosphere would also change over the solar cycle.
We may identify  a number o f potentia l effects which could influence p-mode fre­
quencies. F irs tly , the magnetic field generation site at the base o f the convection zone could 
in  principle influence such factors as the wave travel tim e w ith in  the cavity, and thus the
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frequency selected fo r an ind iv idua l p-mode (Roberts and Campbell, 1986; Campbell and 
Roberts, 1988). I t  has been noted th a t the frequency shift o f modes o f given order, n, 
increases linearly w ith  degree, /, wh ile the very highest degree modes are not thought to 
penetrate sufficiently deeply in to  the solar in te rio r to  be affected by such a field. Mag­
netic fields at the base o f the convection zone could, however, play a s ignificant part in the 
observed frequency shifts o f low-degree modes, as discussed in  Chapter 6 .
I t  is also possible th a t the strong magnetic fields in  sunspots could influence p- 
mode frequencies. The oscillations o f vertica l photospheric fields and the ir  possible influence 
on global solar osc illations have been w idely considered (Bogdan and Zweibel, 1985; Zweibel 
and Bogdan, 1986; Bogdan, 1987, 1989; Bogdan and Cattaneo, 1989; Zwe ibel and Dappen, 
1989).
Another magnetic field s ite which has been considered is th a t o f the chromospheric 
m agnetic field, wh ich exists in the form  o f a magnetic canopy (described in section 1 .1 .2 ). 
We would expect th is region to  be particu la rly  sensitive to solar cycle changes, as the 
chromosphere is a low-/) plasma, and so dom inated by the magnetic field. I t  is reasonable 
to  assume th a t the strength o f the magnetic field in the chromosphere varies during the solar 
cycle; i t  is conceivable also th a t the tem perature o f the plasma in  the chromosphere would 
vary. Variations in p-mode frequencies caused by the chromosphere would be expected to  
show a larger m agn itude o f sh ift fo r higher degree modes, and th is  is observed. Thus, in our 
task o f explaining the existence and nature o f p-mode frequency shifts, i t  is the influence o f 
the chromosphere upon mode frequencies which we shall investigate fu rther.
Various investigations in to  chromospheric effects on p-mode frequencies (Cam p­
bell, 1989; Campbell and Roberts, 1989; Evans and Roberts, 1990, 1991, 1992; Evans, 
1991; Ja in, 1992; Jain and Roberts, 1993) have employed the form  o f model introduced 
in  sections 1.4 and 1.5. For the solar in te rio r, a plane-parallel, linear polytrope model is 
chosen, w ith  the tem perature scale height selected so as to  ensure m arg inal stra tifica tion . 
The chromosphere is modelled by a plane-parallel atmosphere, w ith in  which is embedded a 
horizonta l magnetic field.
Campbell and Roberts (1989) looked at an isotherm al chromosphere w ith  a mag­
netic fie ld structured such th a t the A lfven speed remained constant throughout the chro­
mosphere. Th is im plied a magnetic field strength which decayed exponentia lly w ith  height. 
Th is model is pa rticu la rly  amenable to  analytica l investigation, since the governing equa­
tion  leads to  a constant-coefficient d ifferentia l equation for the vertica l velocity as fo r
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Figure 3.1: Frequency shift (in  / i l lz )  vs. orig inal frequency (in  m Hz), fo r an increase 
in  chromospheric tem perature from  4170K to  4400K in  the isotherm al non magnetic model 
(a fte r Campbell and Roberts, 1989). Modes considered are o f degree 50 and o f order vary ing 
from  1 to  40.
the non-magnetic case described in  section 1.5.2. Campbell and Roberts then expressed the 
d ispersion re lation gained as a correction to  equation (1.67), the dispersion re lation fo r a p- 
mode in  the absence o f a chromosphere. The ir expression was also valid in  the lim it  o f zero 
field; i t  then described the change in frequency induced by the in troduction  o f an isothermal 
non-magnetic chromosphere. Th is s itua tion  is also described by Evans and Roberts (1990).
I t  is also possible to  calculate from  these relationships the change in frequency 
induced by a change in either the chromospheric tem perature or the chromospheric mag­
netic field strength. We do th is by calculating the frequencies o f a certain set o f modes 
fo r one set o f chromospheric parameters, repeating the calculation for a d ifferent set o f 
chromospheric parameters, and then comparing the frequencies o f correspond ing modes to  
calculate frequency shifts. F igure 3.1 shows the frequency shifts induced by increasing the 
chromospheric tem perature from  4170K to  4400K in the isotherm al non-magnetic model. 
In  th is  Figure, and in  Figures 3.2 and 3.3, we consider modes o f degree 50 and allow the 
order to  vary from  1 to  40. Parameters in the linear polytrope are as given in  Tables 1.1
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Figure 3.2: Frequency sh ift (in  (.lU z ) v s . orig inal frequency (in  m Hz), fo r an increase in 
magnetic field strength from  lOG to  30G; the chromospheric tem perature is held at 4170K 
(a fte r Evans and Roberts, 1990)
and 1.2. Mode frequencies are calculated using numerical routines based on the dispersion 
relations published in  Campbell and Roberts (1989) and Evans and Roberts (1990), and 
k in d ly  passed on by R. Ja in. For each mode we p lo t the frequency sh ift (in  /zHz) against 
the orig ina l mode frequency (in  m Hz). The frequency shift curve shows th a t the frequency 
drops as the chromospheric tem perature increases; the change is largest at high frequencies.
For the constant A lfven  speed model o f Campbell and Roberts (1989), the change 
in  frequency induced by an increase in the magnetic field strength is o f a s im ilar form  to 
th a t displayed in  Figure 3.1.
Evans and Roberts (1990) also looked at an isothermal atmosphere w ith  a uniform  
magnetic field, as described in  section 1.5.3. They looked at the effect on mode frequencies 
o f a ltering the magnetic field strength. F igure 3.2 shows the frequency shift curve produced 
by increasing the magnetic field strength from  lOG to  30G, w ith  the chromospheric tem per­
ature held at 4170K, fo r the same modes considered in Figure 3.1. In  th is case, the mode 
frequencies increase w ith  increasing magnetic field strength.
A n  alternative way o f looking at frequency shifts o f th is form  is to  specify the
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Figure 3.3: Frequency sh ift (in  //Hz) vs, orig inal frequency (in m Hz) fo r the same change in 
chromospheric parameters as F igure 3.2. We here consider modes o f orders n =10 (h ighest 
curve), 20 and 30, and allow the degree to  vary from  1 up to  the cut-off.
order and allow the degree to  vary up to  the cut-off. Figure 3.3 shows the frequency shift 
curves obta ined fo r orders n=10 , 20 and 30 for the same change in magnetic field strength 
as F igure 3.2. The highest frequency shifts are for 7i = 1 0 , as I is lower at a given frequency 
fo r a higher n.
In  a subsequent paper, Evans and Roberts (1991) investigated the effect o f a 
tw o-part chromospheric model, invo lv ing a non-magnetic segment in  the low chromosphere 
overla in by a uniform  magnetic field. Th is was an a ttem pt to  model the magnetic canopy 
more accurately. For a given canopy height, the frequency shift curves generated by a 
change o f magnetic field strength are qualita tive ly  sim ilar to  those shown in Figure 3.2.
We can compare these theoretical curves w ith  the observations o f Libbrecht and 
W oodard (1991) described in  section 1.2.3. Figure 1.5 plots the actual frequency shifts 
induced by the increase in solar ac tiv ity  between the years 1986 and 1989; F igure 3.2 
plots the theoretically pred icted frequency shifts induced by an increase in  chromospheric 
magnetic field strength from  lOG to  30G. These changes are cons istent, and the two sets 
o f frequency shift data are also consistent up to  aound 4mHz. I t  seems th a t the model
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describes well the effect o f p-mode frequency shifts, up to  a. point. We are le ft to  postulate 
on the possible causes o f the turnover effect observed above 4mHz. Evans and Roberts 
(1991) postulate th a t, since the uniform  magnetic field model produces a positive shift, 
while the constant A lfven speed model produces a negative sh ift, a hybr id o f these two 
models could prov ide a A i /  curve which would d isplay the effect o f turnover. However, 
progress on th is problem proved d ifficu lt to  achieve (Jain, 1992). Jain and Roberts (1993) 
prov ide a frequency sh ift curve d isplaying turnover using the model and dispersion relation 
o f Evans and Roberts (1990), based on a s im ilar prem ise to  th a t deduced by th is  Chapter; 
we discuss the results o f Jain and Roberts (1993) in section 4.1.
I t  is evident th a t the nature o f frequency shifts generated by the chromosphere is 
very sensitive to  the specific model chosen. Accord ingly, i t  would be instructive  to  exam ine 
a much wider range o f chromospheric profiles, in an attem pt to  understand how the turnover 
effect can be generated. Unfortunate ly, tem perature structures in the chromosphere th a t are 
more complex than those discussed by Campbell and Roberts (1989) and Evans and Roberts 
(1990) render the d ifferentia l equations impossible to  solve ana lytica lly  in the magnetic 
field case. Thus, either a numerical treatm ent or some form  o f approx im ate solution is be 
required. Since the ideal end result would be a simple d ispersion re lation which described 
the turnover effect, i t  was decided th a t i t  would be preferable to  a ttem pt to  solve the 
problem analytically. The bulk o f this Chapter thus describes an a ttem p t to  diagnose the 
cause o f turnover in  the frequency sh ift curve, using an approxim ate W K B  method.
We s ta rt by rev iewing some basic W K B  theory (Nayfeh, 1983; Bender and Orszag,
1987).
3.2 R ev iew  o f  W K B  th eo ry
W K B  theory describes the asym ptotic behav iour i f  certain d ifferentia l equations 
where one parameter in  the equation is large in some way. The involvement o f G. Wentzel, 
H .A . Kramers and L. B r illioun  in the development o f the theory led to  the general name o f 
‘W K B  the o ry ’; the con tr ibution  o f H. Jeffreys is reflected in the fact th a t the name ‘W K B J 
theo ry ’ is also occasionally used. We consider firs t the form  o f asym ptotic solution named 
fo r R.E. Langer.
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3 .2 .1  T h e  L an g er so lu tion
We consider f irs t the d ifferentia l equation
dz'^ + Q — Of (3.1)
where A is a large parameter and where f { z )  is a function such th a t a t a location z =  Zq 
f i ^ o )  =  0 , w ith  f { z )  >  0  fo r z <  %o and f { z )  <  0  fo r z >  zq\ a po in t such as zo is known as a 
tu rn ing p o in t  Using the Langer transform ation  (Nayfeh, 1983), we can find an asym ptotic 
solution to  equation (3.1) in  the lim it  o f large A. This solution, which we refer to  as the 
Langer solution, is given by (Langer, 1934; Nayfeh, 1983)
i(z ) 11/4
Q (z) / ( z )
{c3A i(t) +  C 4 B i(t)}, (3.2)
where A i and B i are the A iry  functions (Abram ov itz  and Stegun, 1967), cg and C4 are 
a rb itra ry  constants and the function t {z )  is given by
2^ W z ) f / '  =  A r [ - / ( a ) ] ' / : ^ d 6 . (3.3)JZQ
Note th a t the transform ed variable t w ill be o f oppos ite sign to  f ( z )  fo r a ll z, and w ill be
zero at Zq . The Langer solution has the d is tinction o f being valid throughout z  for this
/ ( z )  profile, as opposed to  standard W K B  solutions which have specific regions o f valid ity. 
However, the Langer solution w ill no t be valid close to  another turn ing  point.
I f  the / ( z )  profile is reversed, th a t is i f  / ( z )  is positive for z >  zq and negative for 
z <  Z q ,  then the solution (3.2) s till applies, bu t w ith  t {z )  now given by
=  (3.4)
Let us look br ie fly a t the behav iour o f the A iry  functions, A i and B i, which com­
prise the Langer solution. F igure 3.4 shows the function A i( f ) ,  while F igure 3.5 shows B i(t) . 
We see tha.t when t is negative, both A iry  functions have an oscilla tory form . When t is 
positive, both A iry  functions have an exponential form , w ith  A i{ t )  exponentially decaying 
and B i(<) exponentially growing w ith  increasing Z > 0 .
The dotted lines in each graph are obta ined from  the asym ptotic expansions of 
the A iry  functions (Nayfeh, 1983). As t —0 0 ,
VU(<)
IBi(f)
Sin
cos (3.5)
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Figure 3.4: The A iry  function A i{ t )  (shown as a solid curve) and its  asym ptotic expansions 
(shown dotted).
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F igure 3.5: The A iry  function B i( f)  (shown as a solid curve) and its  asym ptotic expansions 
(shown dotted).
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Figure 3.6: f { z )  profile fo r Bohr-Sommerfeld cond ition
and as t —^ oc,
Bi(0 ~ (3-6)
We see th a t, sufficiently fa r away from  the turn ing  po in t, the A iry  functions are well de­
scribed by the ir asym ptotic expansions. The Langer solution expressed in terms o f one o f 
these expansions gives the standard W K B  solution for th a t region.
3 .2 .2  D e r iv a t io n  o f B o h r-S o m m e r fe ld  cond ition
For the situation depicted in  Figure 3.6, th a t is where tw o tu rn ing  points are 
present, we may derive an eigenvalue which incorporates certain boundary cond itions. This 
useful result is known as the Bohr-Sommerfeld condition. We form  tw o separate Langer 
solutions, Q\ and Qg, round the turn ing  points Z\ and Zg respectively. We require the 
solutions to  be evanescent at Too, and so we discard the B i( i)  solutions fo r each. Each 
solution w ill not be valid around the o the r’s turn ing  po int, but there w ill be some region 
in  (z i,  zg) where both w ill be valid. The m atch ing o f the asym ptotic expansions o f each 
solution in th is region gives us our eigenvalue cond ition.
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Thus we have
Q i{z )  ^  Cl A i(h ) ,
where
and
where
I  [~ h  =  A ds.
Q 2 ~  C3 L A 4 A i(^2),
I   ^j  f ^ ‘^ {s)ds.
From the asym ptotic expansions (3.5), we have fo r Zi <  z <C zg,
1Qi Clv /^
Cl
j ( z )  
1
L A 4 J
sin |^-(—fi)^^^ +  —
sin I^ A J  da +  ^
and
C3
L / ( 4  
1
A  1/(4
1 /4
sin A rr/'(4J z de +  \
Now
A £  / ' / » ( . )  rfa +  I  =  j f  f / \ s )  ds +  l - [ x  j f  f / \ s )  ds +  I  
so fo r Q i  and Q 2 to  be asym ptoticahy equal we require tha t
fm .)Cl sin / ^ / 2 ( a ) d s + I  -  I^A ^ f ^ ^ ( s ) d s  + =  C3 sin
(3.7)
(3.8)
(3.9)
(3.10)
ds
(3.11)
This w ill be satisfied i f
and
A /  A ^^(a ) ds +  ~  =  UTT,J Zi ^
( - l ) ^ c i  =  C 3 .
Thus our eigenvalue cond ition is
a /  A /^ (5 )d s  =  (?i -  i)7T.Jzi Z (3.12)
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This is the standard Bohr-Sommerfeld cond ition (Nayfeh, 1983; Bender and Orszag, 1987).
I f  we are not dealing w ith  precisely the situation described above, o f two well- 
separated turn ing  points z i and zg in a continuous med ium, i t  is convenient to  generalise 
th is  result by invoking a phase constant o , replacing equation (3.12) by
a /  ds == { n a ) T T .  (3.13)Jzi
Note also th a t the Bohr-Sommerfeld cond ition can only include in fo rm ation  contained 
w ith in  the tu rn ing  points o f the problem; changes in the model outside the cav ity  can­
not affect results gained from  th is method.
3.3 D escr ip tio n  o f  m eth o d
In  section 1.4.4 we described a simple application o f the Bohr-Sommerfeld con­
d ition , and found a dispersion re lation fo r modes completely conta ined w ith in  the solar 
in te rio r. How do we extend th is  m ethod to  incorporate chromospheric effects? I t  has been 
noted above th a t, using the Bohr-Sommerfeld cond ition, we can only consider effects wh ich 
occur in  the region between the two turn ing  points, th a t is w ith in  the cavity. However, 
we have also seen th a t, fo r the range o f frequencies we would like to  consider, the acoustic 
cu t-o ff te rm  prevents the in te rio r cavity from  reaching the chromosphere. Our way round 
th is  problem is to  construct an a rtific ia l system whereby the effect o f the cut-o ff term  is 
ignored.
Our model consists o f a m arg ina lly s tra tified linear po lytrope fo r the solar in te rio r, 
separated by an interface at z =  0 from  an as yet undefined chromospheric model. We 
consider the canonical form  o f the wave equation, equation (1.24), and use an approxim ate 
form  o{
c2 . ^2 -  (3-14)
In  using this form  o f we are ignoring the cu t-o ff term  in both the solar in te rio r and 
the chromosphere, and also neglecting the buoyancy frequency in  the chromosphere; the 
buoyancy frequency is already set to  zero in  the in te rio r by choice o f the tem perature 
grad ient there. The effect o f th is is th a t we are forcing a wave to  propagate upwards in to  
the chromosphere, so th a t any changes in the state o f the model can d irectly  influence wave 
motions. We s till require an upper tu rn ing  po int to  exist in order to  close the cav ity; thus
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we may only consider profiles o f chromospheric tem perature and magnetic field such tha t 
K? drops below zero at some he ight. Thus we require th a t the fast speed, c /, defined by 
Cy =  Cg +  increases w ith  height in  the chromosphere. A ny wave propagating upwards 
w ith  non-zero would then be refracted by the increasing fast speed, ju s t as a sound wave 
propagating in to  the solar in te rio r is refracted by the increasing sound speed. Indeed, a 
non-magnetic chromospheric model w ith  tem perature increasing w ith  height would be a 
suitable cand idate fo r th is approach.
The advantage o f our approach is th a t we are free to  consider any profile o f chro­
mospheric tem perature and magnetic field strength wh ich gives an integrable form  o f k  in  
the Bohr-Sommerfeld cond ition. In  the fo llow ing sections, we shall consider a variety o f 
chromospheric profiles. For each we w ill use the Bohr-Sommerfeld cond ition to  derive a 
dispersion re lation, and then investigate the effect o f changes in  the model upon the mode 
frequencies calculated. Our principa l m otiva tion  is to  look for a clue to  the possible causes 
o f frequency sh ift turnover.
I t  must be stressed th a t th is is a completely a rt ific ia l approach, which cannot be 
defended as a realistic treatm ent o f the problem o f chromospheric effects on p-mode fre­
quencies. Any conclusion reached would have to  be confirmed w ith  separate, more rigorous 
treatm ents o f the problem. However, since the intention o f th is work is sim ply to  po in t 
ou t possible processes by wh ich turnover could occur, i t  is reasonable to  consider a s impler 
phys ical problem wh ich could in  some way diagnose the effects at w ork on the Sun itself. 
Once this is done, we can re turn  to  models wh ich are more representative o f the Sun, and 
hopefully explain the existence o f turnover.
3.4  Iso th erm al m o d el w ith  a uniform  m a g n etic  field
As a firs t investigation, we look at the case o f an isotherm al chromosphere in  which 
is embedded a uniform  magnetic field. The model is described in  section 1.5.3 and is the 
model considered by, among others, Evans and Roberts (1990) and Ja in and Roberts (1993).
The profiles o f sound speed and A lfven speed in th is model are given in  sec­
tion  1.5.3. From these we find th a t the fo rm  o f fo r z <  0 is given by
-  c l  +  v l l p ( - z l H )  (3.15)
where cq is the sound speed in  the chromosphere, uq is the A lfven speed at z =  0~ and
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H  is the scale height. Note th a t as z —^ — oo, which is negative as desired.
Also, since we require th a t k;^(0“ ) >  0, we are restricted to  frequencies sufficiently high 
th a t — k'^{cQ +  Uq) >  0. For the temperatures, magnetic field strengths and horizontal 
wavelengths we w ill be considering, this cond ition w ill always be satisfied. For example, for 
a mode o f degree 50, a chromospheric tem perature o f 4170K and a magnetic field strength 
o f 30G, th is  cond ition w ill be satisfied fo r a ll modes o f frequency greater than O.OSmHz. 
Thus w ill be pos itive at z =  0“  and decreases w ith  height, passing through zero at a
po in t we shall call z\ (<  0).
In  the in te rio r, z >  0, w ill have the form
c2 ^(l +  ^ A o ) ■  (3 16)
where cq l is the sound speed at z =  0*^. Aga in, n? w ill be negative at sufficiently large
z, and w ill be pos itive at z =  O"*" since the cond ition >  0 is generally satisfied.
There w ill be a zero o f at the po in t zg (>  0).
We now introduce the Bohr-Sommerfeld cond ition as follows. We w rite
K ds{n  - f Q')7r =  /
-  I l  +  I 2 , (3.17)
where fO
I l  =  /Jzi K ds
is the in tegra l o f k over th a t pa rt o f the cavity located in  the chromosphere (z <  0), and
h K,ds
the in tegral o f k over the part o f the cavity in the solar in te rio r (z >  0). The deta ils o f 
the evaluation o f these integrals are given in Append ix A. The dispersion re lation obta ined 
from  equation (3.17) is as follows:
{n  +  a)7r =  m ü" 4  +  2 “ " '
Oik^ ZQ
r i /2
7
where r  =  jk ^T I^  cr =  Vq/ cq and 
2
4- sin
-  {k:^zoŸf'^{mü^ -  A;^zo)^/^ 
2 r( l -I- (T)^- 1 1 - (3.18)
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Figure 3.7: Frequency (in  m Hz) vs. degree I for modes o f order 10 (lowest curve), 20 and 
30. The chromospheric tem perature is 4170K, the magnetic field strength is lOG.
The terms ??%, and zq are as prev iously defined (section 1.4.1). Equation (3.18) is ob­
v iously not a simple dispersion re lation. However, we can determ ine its  roots numerically 
g iv ing the frequencies o f the modes o f osc illation o f th is system. Then, by a ltering parame­
ters such as r  and cr, we can induce changes in these frequencies which we can then exam ine. 
I t  is not clear which value should be taken for the parameter a , since we are considering a 
cavity which is ‘s p lit ’ between two models; variables such as the dens ity are not continuous 
across z =  0. For the sake o f th is investigation, we set a  — —1/2.
We can solve the dispersion re lation (3.18) to  find the mode frequencies. F igure 3.7 
shows the frequency (in  mHz) versus degree I curves obta ined for modes o f orders n=10, 
20 and 30, the last being the highest o f the three curves. The frequencies are calculated for 
a chromospheric tem perature o f 4170K and a magnetic field strength o f lOG. These curves 
show the basic parabolic form  o f p-modes.
We can then alter certa in parameters o f the chromospheric model and exam ine 
the effect on mode frequencies. Figure 3.8 shows the effect o f increasing the magnetic field 
strength from  lOG to  20G, for a fixed tem perature o f 4170K. The three curves are plots 
o f frequency shift (in  p,Hz) versus orig inal frequency (in m Hz), for orders 10 (the highest
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Figure 3.8: Frequency shift (in  jÆ z)  vs. orig ina l frequency (in mHz) induced by an increase 
in  magnetic field strength from  lOG to  3 00 , w ith  the chromospheric tem perature held at 
4170K. The curves are fo r modes o f orders 10 (h ighest curve), 20 and 30.
curve), 20 and 30. We see th a t th is  dispersion re lation gives an increase in mode frequency 
w ith  increasing magnetic field, consistent w ith  the exact treatm ent o f the fu ll problem 
(Evans and Roberts, 1990). The m a jo r difference is th a t the magn itudes o f the frequency 
shifts found here are much larger than those found through the exact analysis. This is not 
surprising, since the magnetic held now resides w ith in  the cavity, and can d irectly  affect 
the oscilla tory wave motions w ith in  th a t region, rather than merely affecting the evanescent 
‘ta i l ’ o f the mode. Thus any change in the magnetic held strength has a more s ignihcant 
effect on mode frequencies.
F inally, F igure 3.9 shows the effect o f increasing the chromospheric tem perature 
from  4170K to  4400K, fo r a hxed magnetic held strength o f lOG. Aga in the curves are 
for orders 10, 20 and 30, and again the general trend o f the exact results (Cam pbell and 
Roberts, 1989) is recreated by our artihc ia l dispersion relation.
Thus we have seen th a t our somewhat contrived approach can prov ide a reasonable 
s imulacrum o f the true problem in at least one case. However, i f  this approach is to  provide 
any useful end result, we must investigate the factors underly ing the behav iour displayed
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Figure 3.9: Frequency shift (in  /uHz) vs. orig inal frequency (in  m Hz) induced by an increase 
in  chromospheric tem perature from  4170K to  4400K, w ith  the magnetic field strength held 
at lOG. Modes considered are the same as for F igure 3.8.
in  Figures 3.8 and 3.9. To do th is  i t  is helpful to  consider the varia tion o f the fast speed, 
c /,  in  the chromospheric model.
Recalling th a t
cy =
we can w rite  the o f equation (3.14) in  the form
,2
- k i .
' /
(3.19)
From  th is it  is im m ed iately apparent th a t the tu rn ing  po int o f which we identify  as the 
‘ to p ’ o f the mode cav ity, resides at tlie  po in t where
,2u)
kî (3.20)
Thus, fo r a given frequency and wavelength, the cav ity w ill extend to  the po in t where the 
exponentia lly rising A lfven speed lifts  the fast speed to the value u>/kx. For example, a 
mode o f frequency 4mHz and degree 100 gives a value o f o f around 3xl0^km ^s“ ^.
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Figure 3.10: Profiles o f c j  (in  km^s“ ^) vs. z ( in  km ) in the magnetic chromosphere. The 
solid line is the profile o f c j  fo r a chromospheric tem perature o f 4170K and magnetic field 
strength o f lOG. The upper dotted line is for a tem perature o f 4170K and a field strength 
o f 20G; the lower dotted line is for a tem perature o f 440OK and a field strength o f lOG. The 
dashed line plots the (constant) value o f for a typ ica l mode.
For a chromospheric tem perature o f 4170K and a magnetic field strength o f lOG, the fast 
speed squared at :^ =  0“  is 47km^s~^. As the A lfven speed increases w ith  height, the fast 
speed squared increases to  3xl0'^km^s“  ^ at a he ight o f around 1150km. Th is in form ation  is 
displayed in  Figure 3.10. The solid line represents the run o f c j  in  the chromosphere fo r a 
tem perature o f 4170K and a magnetic field strength o f lOG. The dashed line represents the 
value o f c j  required to  produce a tu rn ing  po int for a mode o f frequency 4mHz and degree 
100. The po in t o f intersection o f the curve and the dashed line gives the position o f the 
tu rn in g  point.
A lte ring  the chromospheric parameters alters the form  o f the c j  profile. The upper 
dotted line in F igure 3.10 shows the c j  profile for the same tem perature as the solid line, but 
w ith  the field strength increased to  20G. The fast speed is increased by th is change, lowering 
the top o f the cavity and increasing the speed o f propagation w ith in  the cavity. We would 
expect both these effects to  contr ibute towards an increase in mode frequency, and indeed
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th is is w hat is demonstrated in  F igure 3.8. In  terms o f equation (3.17), w hat has happened 
is th a t / i ,  the integra l o f k  over th a t pa rt o f the cavity resident in  the chromospheric model, 
has decreased because o f the increase in  fast speed, and so I 2 must increase to  satisfy the 
Bohr-Sommerfeld cond ition. Since I 2 is approxim ately proportiona l to  an increase in 
I 2 results in  an increase in  frequency.
The lower dotted line in  F igure 3.9 shows the c j  profile fo r a magnetic field o f 
lOG, as fo r the solid line, but a t an increased tem perature o f 4400K. Here we see th a t the 
fast speed has actually decreased, despite the increase in  sound speed. The reason fo r th is 
is th a t the scale height in the chromosphere H ,  given by
19
is p roportiona l to  the sound speed squared. Thus in a ho tte r chromosphere, the A lfven 
speed increases more slowly with height', thus the effect o f higher temperatures is to  lower 
the fast speed. The consequence o f th is is to  raise the top o f the cavity and to  lower the 
propagation speed w ith in  the cavity. F igure 3.9 shows the drop in  frequency we would 
expect in  such a situation.
Let us now tu rn  to  other fast speed profiles and exam ine the ir effects on mode 
frequencies. A t each stage we w ill be look ing for possible causes o f frequency shift turnover.
3.5 A lgeb ra ic  fast sp eed  profile
We look now at a fast speed profile formed from  a simple algebra ic expression, 
chosen so as to  prevent the fast speed from  increasing indefin ite ly w ith  height. The form  o f 
c j  we consider is as follows:
4  =  4co (^ 1 -
where c/oo is the value o f the fast speed at in fin ite  height and and are shape param ­
eters. I f  we specify the value o f c j  at z =  0 "  as cj^,  and the scale he ight o f c j  at z =  0~ as 
be ing given by
where the dash ( ')  denotes the derivative w ith  respect to z, then
=  / f o ,  ( 3.22)
- 1 -  (3.23)
and
I ]  Ho. (3.24)
Since the fast speed does not become in fin ite , the cu t-o ff effect w ill reappear fo r th is profile. 
For a tu rn ing  po in t in  the chromosphere to  ex ist we require tha t
and th a t
LÜ
W
k lc jo  >  0
Thus we may only consider values o f the frequency such th a t
(3.26)
(3.26)
(3.27)
For frequencies at which these cond itions are satisfied, we can carry out a sim ilar 
calculation to  th a t given in  section 3.4, deta ils o f which are given in Append ix A . The 
resulting dispersion relation is as follows:
(n  -f o)7r =  mO 7T 1 .4 +  2 “ “
-1 1 - Qik^zo
k ^ B \ l  -  -t- -  1)1/2
-  (^rZ o )l/2 (m n2  -  &a;Zo)l/2
+
where
7T . . -  +  sm
D-
2 ( 1 - A 2 ) ( 1 - Z ) 2 ) (3.28)
(3.29)
F igure 3.11 shows the modes found from  th is dispersion relation. The three 
solid curves are for modes o f orders 5, 10 and 20 and the dashed lines are the lim its  on 
frequency set by cond itions (3.25) and (3.26). Since the dispersion relations (3.18) and (3.28) 
are both  dom inated by the ir firs t terms, wh ich are identical, i t  is not surprising th a t the 
fa m ilia r p-mode parabolae are again recovered here. The curves are stopped at I =  200 
and u =  5.3n iHz to  enable comparison w ith  Figure 3.7; in practice they could be extended 
indefin ite ly. The modes are calculated for a fast speed profile w ith  the characteristics listed 
in  column ‘a ’ o f Table 3.1. Th is  profile is p lo tted in  Figure 3.12.
Figure 3.13 shows the effect on mode frequencies o f changing from  profile ‘a’ in 
F igure 3.12 to  profile ‘b ’, fo r modes o f order 10. We do th is by decreasing H q, the fast speed
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Figure 3.11: Mode frequency (in m Hz) vs. degree I for modes o f order ? i=5 (lowest curve), 
10 and 20, fo r profile ‘a’ o f Table 3.1. Dashed lines show the lim its  on frequency set by the 
profile parameters.
scale he ight at z =  0 " ,  from  10m to  Im ; the effect is to  raise Cy throughout z <  0. We 
see th a t mode frequencies increase by a small amount as a result o f th is process. This is 
understandable in the same terms as the frequency shifts o f F igure 3.9. Increasing the fast 
speed lowers the roo f o f the cav ity and increases the propagation speed w ith in  the cavity, 
so frequencies w ill increase.
Figure 3.13 shows an interesting add itional effect, however, w ith  frequency shifts 
be ing pa rticu la rly  large at the very lowest frequencies. The reasoning beh ind th is is as 
follows. The position o f the roo f o f the cavity depends on the value o f and since
is approxim ately p roportiona l to  for given n, the height o f the roo f o f the cavity w ill 
scale as l / k ^ .  So lower degree modes have h igher roofs. Since n is fixed along our A u  
curves, th is implies th a t i t  is the lower frequency modes whose cav ities extend highest in to  
the chromospheric model. Thus, what we are seeing in the 2-3m Hz range o f F igure 3.13 
is the effect o f the levelling-off o f c'j at large heights. Consider the tw o dashed lines in 
F igure 3.12. The upper line displays the value o f c j  required to  prov ide a roo f for a mode 
o f around 2.2mHz, the lower fo r a mode o f around 4.5mHz. We see th a t the change from
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C/o
Ho (m )
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100000.0
10.0
46.6
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Table 3.1: Parameters for algebraic fast speed profile
1 *1 0 S
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2 * 10 " -
0 * 10 “
-100 80 60 40 0
Figure 3.12: Fast speed squared (in  km^s vs. z ( in  km ) for the algebraic profiles given 
in  Table 3.1.
profile  ‘a’ to  profile ‘b ’ induces a fa r larger change in the cavity roo f height fo r the 2.2mHz 
mode than fo r the 4.5m IIz mode. Thus the changes in 7 i, and therefore the frequency shifts 
generated, are larger fo r the lowest frequency modes.
Th is effect points out a second flaw in  our a rtific ia l method. In  the solar p-mode 
problem , w ith  a cu t-o ff term , we would expect higher frequency modes to  be more sensitive 
to  effects occurring at large heights, since low-frequency modes w ill be cut-o ff well below 
the site o f any such effects. This inversion o f the ‘correct’ behav iour must be borne in  m ind 
in  our attem pts to  use the a rtific ia l problem to  explore the causes o f turnover.
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F igure 3.13: Fi'equency shift (in  i-ilîz) vs. orig inal frequency (in m Hz) induced by the change 
in  the algebra ic fast speed profile given in Table 3.1.
3.6 H y p erb o lic  ta n g en t fast sp eed  profile
We look now at a fast speed profile involving the tanh function, allowing us to  
combine the exponentia lly growing behav iour o f the isotherm al uniform  magnetic field model 
(section 3.4) w ith  the levelling-off o f fast speed given by the algebra ic profile (section 3.5). 
The form  o f Cy we d ictate is as follows:
Cy =  Cyj- -|- ta iih (—z113^  — Z)^),
where c j i  is the fast speed at the po in t o f inflexion o f the Cy curve; we again state th a t cyo 
is the fast speed at z =  0 "  and c/oo is the fast speed at in fin ity . We also define the 
scale height o f Cy at the po in t o f inflexion, by
(4 ) '
The terms A , B  and D  are then g iven by
,2
^fco Cy%, Vco - 1 tanh V :  ~  ^/O -  Cy*
(3.30)
(3.31)
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The cond itions for the existence o f the tu rn ing  po int in the chromosphere are the same as 
in  section 3.5.
We again use the Bohr-Sommerfeld cond ition (3.17) to  derive a dispersion re lation 
fo r modes in  th is system. The deta ils o f the integration are given in  Append ix A . The 
resulting d ispersion relation is as follows:
(?% -h a’)7T = 7T 1 . _ i 4 +  2 1 - mQ,^
(F2 +  -  1)1/2
(p2  _  1)1/2
(7^2 _ ^ 2 _  1)1/2
sin  ^X i
where
X i  =  1 -f
(F2 -f 1)1/2
2{F^ -  1) 2(jP2 -  1)(F2 +  E ' ^ - 1 )
sin (3.32)
£2 F 2 F 2 (1 - ta n h F 2 )
vV2 2 ( f 2  _  1) 2 (F 2  - f l ) ( F 2  -  F 2  +  1)i  =z; h
and E  and F  are given by
F2
w
F 2 F 2 ( l - f  t a n h F 2 )
The modes calculated from  th is dispersion relation again show the form  o f F ig­
ure 3.11. We once more alter the form  o f the profile and exam ine the resultant changes in 
frequency. Figure 3.14 shows the form  o f the two c j  profiles whose parameters are given in 
Table 3.2. F igure 3.15 then shows the frequency sh ift induced by changing from  profile ‘a’
Profile a b
(km ^s-::) 
(km^s 2) 
(km 2s-2)
Ho (m )
46.6
49500.0
100000.0 
200.0
46.6
49500.0
100000.0 
50.0
Table 3.2: Parameters for hyperbolic tangent fast speed profile
to  profile ‘b ’ , fo r modes o f order 10. Aga in we see an increase in  frequency being associated 
w ith  an increase in the fast speed.
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Figure 3.14: Fast speed squared (in  km^s  ^ vs. z (in km ) for the hyperbolic tangent profiles 
given in Table 3.2.
3.7  D iscu ssio n
We have now exam ined three d is tinc t profiles fo r the fast speed in our chromo­
spheric model, and calculated the frequency shifts associated w ith  changes in profile param ­
eters. In  each case, an increase in  fast speed in the chromosphere resulted in an increase in 
a ll mode frequencies. The question is, have we learnt anyth ing about the effect by wh ich 
some mode frequencies increase in frequency, while others, subject to  the same change in 
profile, show a decrease in  frequency?
A  clue to  answering this question comes from  the algebraic profile. We saw there 
th a t the lowest frequency modes, those whose cavities extend h ighest in to  the chromosphere, 
suffer a re la tive ly large change in  mode frequency, bringing to  m ind th a t modes o f  different 
frequencies sample different parts o f  the chromospheric model. Th is raises the question o f 
whether i t  is possible to  construct a change o f profile such th a t some modes encounter an 
increase in fast speed over the ir cavity, while others encounter a decrease in fast speed? I f  
th is  could be achieved, then by our reasoning above, i t  would be possible for some modes 
to  suffer an increase in frequency while others would suffer a decrease.
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Figure 3.15: Frequency sh ift (in /zHz) vs. orig inal frequency (in m Hz) induced by the change 
in  the hyperbolic tangent profile given in  Table 3.2.
W ha t we need, then, is a change in  profile such tha t in  one region o f the model 
the fast speed increases, while elsewhere the fast speed decreases; in  other words, in  a p lo t 
such as Figure 3.10 showing the ‘before’ and ‘a fte r’ profiles o f Cy, there would need to  be 
some po in t at which the two profiles crossed. The manner in which th is s ituation can arise 
can, in  fact, be deduced from  our earlier study o f the isotherm al magnetic model.
In  section 3.4 we stated th a t, fo r th is model, increasing the magnetic field strength 
increases the fast speed throughout the model. We also stated th a t increasing the chromo­
spheric tem perature had the paradox ical effect o f lowering the fast speed, by decreasing the 
ra te  at which the A lfven speed grows w ith  height. However, if, in  mov ing from  our ‘before’ 
to  ‘a fte r’ profiles, we increase both the field strength and the tem perature, the A lfven speed 
must be augmented im m ed iately above the interface. A t increasing height, the effect o f the 
larger A lfven  speed scale he ight would begin to  be fe lt, and at some he ight the two effects 
cancel each other out. Here the two Cy profiles cross. Above th is height, the fast speed w ill 
have decreased as a result o f the change in profile.
Such a s ituation is shown in Figure 3.16, whose profiles have been calculated for 
the parameters given in  Table 3.3. We see th a t below around 600km in height, the effect
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Figure 3.16: Fast speed squared ( in  km^s“  ^ vs. % ( in  km ) d isplaying crossed profiles. 
We here consider an isotherm al chromosphere w ith  a uniform  horizonta l magnetic field; 
chromospheric parameters are given in Table 3.3.
o f increasing B q and Tc together is to  increase the fast speed. Above th is po in t, however, 
the fast speed decreases as a result o f th is change. Thus high frequency modes, whose 
cav ity  roo f lies below «  600km, would be expected to  suffer an increase in  frequency. Lower 
frequency modes, however, would also sample some o f the decrease in  fast speed, and would 
s ta rt to  suffer a negative frequency shift effect. This d ifferentiation o f sh ift behav iour w ith  
frequency is the basis for a fo rm  of turnover.
Profile a b
Tc
lOG
4170K
20G
6000K
Table 3.3: Parameters for crossed profiles
Figure 3.17 shows the frequency sh ift calculated using our approxim ate dispersion 
re lation (3.18), for the change in profile from  a lOG field in a chromosphere o f temperature 
4170K to  a 20G field in a chromosphere of tem perature 6000K. We see th a t a t low frequen-
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Figure 3.17: Frequency sh ift (in  ^H z) vs. orig ina l frequency (in  m Hz) induced by the change 
in  the isotherm al, magnetic cliromophere given in Table 3.3
cies, there is indeed a drop in  frequency. As the frequency increases, the cavity roo f height 
decreases, and the lower regions o f the model become dom inant. Thus we see the frequency 
sh ift curve s ta rt to  tu rn  around, u n til the very highest frequency modes suffer an actual 
increase in frequency.
Figure 3.17 demonstrates a turnover effect. Can we relate th is  effect to  the turnover 
apparent in  the observational data? O ur curves have been obta ined by increasing the 
magnetic field strength and chromospheric tem perature, changes which we m ight well expect 
to  occur in  the real solar chromosphere as the Sun approaches m ax im um . We have also 
seen th a t the results o f Evans and Roberts (1990), gained by increasing the magnetic field 
strength, matched well w ith  the observed data up to  around 4mHz. Our results, while 
showing a turnover effect, do not agree w ith  the observational data. W hy is this?
The underly ing reason is the inversion in the correct behav iour brought about by 
the neglect o f the cut-o ff term  (section 3.5). In method, i t  is the high-frequency modes which 
suffer an increase in frequency; the pred iction is thus th a t in the actual problem, i t  w ill 
be the low-frequency modes wh ich w ill increase in frequency. S im ilarly, our method gives 
a decrease in frequency fo r low-frequency modes, so we would expect th a t in  the actual
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problem  i t  w ill be the h igh-frequency modes wh ich which w ill decrease in  frequency. In  
o ther words, tak ing  our deduced inversion o f the correct behav iour in to  account. Figure 3.17 
suggests th a t the fu ll problem w ill show the observed turnover effect fo r the change in profile 
described in Table 3.3.
Let us check this pred iction by re turn ing to  the exact treatm ent o f the problem 
(section 1.5.3). We have seen th a t the dispersion relation (1.97) o f Evans and Roberts (1990) 
can produce the frequency sh ift curves displayed in  Figures 3.2 and 3.3; does i t  produce a 
turnover curve fo r the s ituation described above?
F igure 3.18 shows the frequency shift induced by changing the chromospheric 
magnetic field strength from  lOG to  300 , wh ile increasing the chromospheric tem perature 
from  4170K to  6000K, calculated from  the exact dispersion relation o f Evans and Roberts 
(1990). We see th a t the turnover effect does appear when this pa rticu la r change o f state is 
imposed upon the chromospheric model.
For a given change in magnetic field strength, there w ill be a range o f tem perature 
changes which yield turnover. Very small tem perature increases w ill not result in  turnover 
w ith in  the relevant range o f frequency, while very large changes in  tem perature dom inate 
the positive shift observed at lower frequencies. The magn itudes o f frequency shifts so 
generated w ill also depend on the precise changes in field strength and tem perature (see 
Jain and Roberts, 1993).
Thus the ‘recipe’ for turnover deduced from  and pred icted by our a rtific ia l system 
does indeed introduce the effect o f turnover in to  frequency sh ift curves produced by the 
exact dispersion relation. The existence o f turnover in these curves is one th ing, but how 
well do the results gained quantita tive ly  match the observed frequency shifts? Also, our 
deduction o f a turnover mechanism was based on a cons ideration o f the fast speed profile 
w ith in  an a rtific ia l chromospheric cavity; obv iously this cannot be a valid description o f the 
physical causes o f frequency shifts in the true problem. Thus we are le ft w ith  the fu rthe r 
question, how can we give a physical description o f the processes operating beh ind the 
observed variations in  p-mode frequencies?
Answering both the above questions requires a more rigorous treatm ent o f the 
m athem atica l problem than th a t given above. We tu rn  to  th is top ic in  the fo llow ing Chapter.
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Figure 3.18: Frequency shift (in / i l lz )  vs. orig ina l frequency (in m Hz) fo r an increase in 
m agnetic field strength from  lOG to  30G and an increase in  chromospheric tem perature 
from  4170K to  6000K, fo r the isotherm al chromospheric model w ith  a un iform  horizontal 
magnetic field. Frequency shifts are calculated from  the dispersion re lation o f Evans and 
Roberts (1990).
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C hapter 4
C h rom osp h er ic  te m p er a tu re  
effects
4.1 In tro d u ctio n
We have seen in  Chapter 3 th a t turnover can be introduced in to  the theoretical 
frequency sh ift curve o f Evans and Roberts (1990) by the simple step o f increasing the 
m agnetic held strength and chromospheric tem perature simultaneously. However, th is is not 
the end o f the story. Ja in and Roberts (1993) report th a t, wh ile th is procedure can produce 
frequency shift curves showing turnover, the curves do not agree well w ith  observational 
data (L ibbrecht and W oodard, 1991). The generation o f sufficiently large frequency shifts 
in  the 2-3m Hz range demands th a t the magnetic held strengths involved be re la tive ly large, 
increasing from  some 40G to  50G. G iven such held strength changes, a large increase in 
tem perature, from  4170K up to  around 6000K, is then necessary to  induce turnover at 
around 4mHz. Even in  this case, turnover acts as a smooth, gradual effect, ra ther than 
the steep plum m et in  frequency shifts found in the observational data. Ja in and Roberts 
conclude th a t rehnements in  the ir model may be needed to  produce bette r agreement w ith  
the observed data.
A  prim e cand idate fo r fu rthe r investigation is the tem perature prohle o f the chro­
mosphere, wh ich u n til now has been taken as isothermal in exact analytica l studies. For 
example, we could look at the effect o f a tem perature prohle which increases w ith  height 
in  a manner th a t resembles the observed behav iour in the solar chromosphere. I t  is in-
100
♦ 10-
8 0 0 -
6 0 0 -
4 0 0 -
2 00 -
0 1000 2000 3000 4000 5000
Figure 4.1: Varia tion  o f tem perature (in  K ) w ith  height (in  km ) in  the solar atmosphere 
(a fte r R. U lr ich, personal communication, 1993).
s tructive  to  look here at a numerical model constructed by R. U lr ich  in an a ttem pt to 
describe the variations o f tem perature, density and pressure in  the chromosphere (U lr ich , 
personal com m unication, 1993). Figure 4.1 shows the variation o f tem perature w ith  height 
in  the model o f U lr ich, while Figure 4.2 shows a deta il o f the model a t lower heights. We 
see th a t in  th is model, the tem perature increases gradually up to  around 600km, is then 
roughly constant up to  around 2000km, and then rises sharply above th a t po in t. Above 
around 3000km temperatures rise to  the ir coronal values o f around S x lO ^K . Note th a t we 
custom arily place our magnetic interface, z =  0, at the tem perature m in im um , wh ich does 
not exactly correspond w ith  zero height in U lrich ’s model. In  any case, the effects o f the 
gradual rise in tem perature in the lowest part o f the chromosphere and the steep rise in 
tem perature above 2000km are areas o f interest.
How can we investigate the influence o f such features on frequency shifts? I t  seems 
clear th a t some numerical treatm ent o f the chromosphere is appropriate. Such an approach 
is used by W r igh t and Thompson (1992) to  study the effect o f the chromospheric magnetic 
field on p-mode frequencies. They solve the wave equation num erically for an isothermal 
model w ith  a uniform  magnetic field, to  find the value o f a quan tity  which w ill be continuous
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Figure 4.2: Deta il o f tem perature profile
across an interface at the solar surface. They then form  a perturbation  method describing 
the effect o f a small change in  th is  quantity  on the frequency of the global osc illation.
This approach to  the chromosphere is appropriate to  our demands: we too w ill use 
a numerical treatm ent fo r the chromosphere. However we would also like to  make fu rth e r use 
o f the Bohr-Sommerfeld cond ition o f Chapter 3, for two reasons. F irs tly , we have already 
obta ined analytica l forms o f the in tegral for the linear po lytrope model, and secondly, 
the Bohr-Sommerfeld cond ition is w idely used in studies o f p-modes and helioseismology 
generally (e.g. Christensen-Dalsgaard, Duvall, Gough, Harvey and Rhodes, 1985). A  form  
o f the Bohr-Sommerfeld cond ition which included the influence o f the chromosphere could 
prove a valuable too l w ith  more general applications.
The aim o f the fo llow ing sections o f this Chapter is to  derive a form  o f the Bohr- 
Sommerfeld cond ition which incorporates the effect o f the chromosphere in a general way. 
To do th is , we must develop the basic W K B  theory given in section 3.2.
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4.2 D er iv a tio n  o f  th e  m od ified  B oh r-S om m erfeld  con d ition
4 .2 .1  F u r t h e r  W K B  t h e o r y
In section 3.2 we considered the d ifferentia l equation (3.1), and considered a s it­
ua tion  where the function  f { z )  has a profile as shown in  Figure 3.6. We then applied 
cond itions to  the Langer solutions around each turn ing  po in t, s ta ting  th a t the Q i  solution 
must be evanescent as —» — oo, wh ile the Q 2 solution must be evanescent as z —» 0 0 . Let 
us now remove one o f these cond itions, and allow the Q i  solution to  rema in general. Thus 
we have th a t
Q i{z )  =  
We define an angle (/> by
so th a t equation (4.1) reads
Q i( ^ )  — Cl
1 /4
{c iA i(< i)  -f- C 2B i(h )} •
tan 0  = Ç2Cl
f l (z ) '
A 4 .
1 /4
{ A i( h )  +  tan 0  B i ( i i ) }
For z >  z i,  the asym ptotic relations 3.5 give
' 1 1 
. / ( 4 JQi
W rite
Cl •+■ tan cos .Jzi ds - f
7T
Then the { }  bracket in  (4.4) becomes
sin 6 +  tan (j) cos B — sec 4> sm{6 - f <f)).
Recall th a t the asym ptotic expansion o f the Q 2 solution for z <C ^2 is
C3 1 /4 sin ds T
Then since
9 +  <i) =  f  4 / ^ ( 5 )  ds +  j  +Jzi 4
=  f ^ \ s ) d s  +  ^  +  rt>- / '/ ^ ( 5 )d s  +  î
(4.1)
(4.2)
(4.3)
(4.4)
(4.5)
(4.6)
103
the cond ition th a t the asym ptotic expansions o f Q i  and Q 2 m atch is th a t
Cl sec (f> sin d s +
This wiU be satisfied i f
and
=  cgsin f  ds +  j
J  z 4
[  4 /^ (5 ) ds +  ^  +  0 =  n7T,
(4.7)
( - l ) ” ' C i  s e c ^  =  C 3 .
Thus our mod ified Bohr-Sommerfeld cond ition is
(4.8)
where
tan 4> £ 2Cl
4 .2 .2  A p p lic a tio n  to  th e  lin e a r  p o ly tro p e  m odel
We can now apply the general mod ified Bohr-Sommerfeld cond ition, equation (4.8), 
to  our particu la r wave equation and our particu la r model fo r the solar in te rio r, the linear 
po lytrope model w ith  ad iabatic s tra tifica tion . Unlike our somewhat cavalier use o f W K B  
theory in the previous chapter, here we w ill a ttem pt to  m on ito r the errors introduced by 
our approxim ate method.
O ur d ifferentia l equation is as described in section 1.4.2, th a t is
where
and
( 4 Q  =  0, 
Q =  p ' J \ y . v
(4.9)
« -  kt 162 1 -{- z/zo 462zg ^
We found th a t k?  w ill have two zeros in z >  0 i f  the cond ition
^ 2  ^  m (m  +  2)cg^
Azl
(4.10)
(4.11)
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is m et. We w ill assume fo r now th a t th is is the case.
Let us look firs t a t the solution around Zg, the turn ing  po in t which lies deep w ith in  
the linear polytrope model, at large z. We shall call th is  solution Q 2 . The tu rn ing  point 
w in exist at the depth at wh ich approxim ately
•2 1UJ
1 +  zjZQ =  1,
so let us form  the transformed variable sg defined through
1 1
(4.12)
(4.13)1 +  z /%  S2 '
Near the tu rn ing  po in t the variable Sg w ill then be o f order 1, wh ich w ill help us to  pick 
out the dom inant terms in  In  terms o f S2 the d ifferential equation (4.9) becomes
ds\ + —  1^ -
m {m  +  2) 1 ■ Q =  o, (4.14)
where =  uP"/ gk^. We have already seen the approx im ate result th a t fo r a p-mode o f 
order n.
2n
m (4.15)
so fo r modes o f large order we can ensure th a t the quantity  is large. The quantity
m (m -f 2 )/4 , on the other hand, w ill always be o f order 1. Thus we have the form al s ituation 
described in  equation (3.1) invo lv ing a ‘large param eter’ A, given here by As a
consequence o f th is we may neglect the smaller order term  in equation (4.14). Transform ing 
back in to  z then gives the d ifferentia l equation
dz2 (4.16)
where
The Langer solution to  the d ifferentia l equation (4.16) is then
{c3A i((2) +  C 4 B i(i2 )}, (4.17)
where
f  [~K l( lu )Y^^dw ,Jzi
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We now apply our cond ition th a t as z ^  oo, we require th a t the Q 2 solution be 
evanescent. As before, th is implies th a t the coefficient o f the B i solution must be zero, so 
we set C4 =  0. Thus
Q 2{z)  C3 /c |(z) Ai(^2). (4.18)
Th is solution w ill be an accurate representation o f the exact solution fo r modes such th a t 
rrPQ,^ is large.
Let us now tu rn  to  Q i,  the solution around z i, the tu rn ing  po in t nearer z =  0. 
Here we can introduce the variable
5 i =  1 +  Z/Zo,
and Si w ill be o f order 1 near the tu rn ing  po in t. O ur d ifferentia l equation (4.9) becomes
I ____
dsl  +  1 a,
1 m (m  +  2 ) 1
462zg 1 > Q  =  0. (4.19)
Since >  1 and 6 ^zg <C 1 for the ranges o f frequency and horizontal
wavelength we shall be considering, the firs t two terms in  equation (4.19) wiU dom inate 
the th ird  term , wh ich we thus neglect. We can then proceed as before, tak ing  the firs t two 
terms only as our approxim ation fo r tP. However, these terms are not large in the same way 
as the dom inant terms in the d ifferentia l equation around Zg, and thus our Langer solution 
around z\ w ill not be as accurate as th a t around Zg. Th is reflects the fact th a t changes 
much more rap id ly near z =  0 than i t  does for large z. We must recognise th a t this w ill be 
the m a jo r source o f error in  th is approxim ation.
Our d ifferentia l equation around z% is thus taken to  be
where
and our solution is given by
-  0,
m (m  +  2 )
(4.20)
1 +  462zg (1 4- ^/zo)^
<l(z) 1 /4 { c iA i ( / i )  +  C 2 B i( / i) } ,
where
(4.21)
(4.22)
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We now have our two Langer solutions, Q\  and Q 2. We proceed to  match these 
two solutions by the ir asym ptotic expansions, precisely as described in  section 4.2.1. The 
only com plication is th a t since we have approxim ated by and Kg around z\ and 
respectively, we must ensure th a t in  the region where we match the two solutions, n\
This wlU be true in  a region where the firs t te rm  in  tP dom inates both  the other terms. For 
such a region to  exist, we require tha t
>  i y ^ l  +  2 /m .2
Th is  is satisfied fo r all modes other than those w ith  very low n.
M atching the two solutions then gives the cond ition th a t
rz2 1
/  k {z ) dz {n - - ) tt ~  (j), (4.23)
J Zl ^
where tan ^  =  C2 /C1 . This is the mod ified Bohr-Sommerfeld cond ition.
The evaluation o f the in tegra l in  equation (4.23) proceeds as described in  sec­
tion  1.4.4. The resulting dispersion re lation is
^2  rx, - 1  +  A  +  ^  (4.24)m  \  m j  m mir
This is very s im ilar to  the dispersion re lation gained from  the standard Bohr-Sommerfeld 
cond ition in  section 1.4.4, the only difference involving our phase term  (p. I t  is through this 
te rm  th a t the effect o f the chromosphere w ill express itself, as we shall now see.
4 .2 .3  E v a lu a tio n  o f cp
We have seen th a t the general Langer solution around the turn ing  po int 
takes the form
Q .
where
{ c ]A i ( t i )  +  C 2 B i( / i) } ,
For z <  Z l, U w ill be pos itive and w ill increase as we move away from  the turn ing  point 
towards z =  0. The functions A i( / i )  and B i ( i i )  w ill then d isplay the behav iour shown in 
Figures 3.4 and 3.5: the A i solution w ill decay exponentially w ith  <%, while the B i solution 
w ill grow exponentially. In the derivation o f the standard Bohr-Sommerfeld cond ition,
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our cond ition on Q i was th a t as z becomes large and negative, so th a t t \  became large 
and pos itive, Q \  must be evanescent; thus the B i solution must be excluded, requiring 
th a t C2 =  0. In  the terms o f the mod ified Bohr-Sommerfeld cond ition, the cond ition o f 
evanescence o f Q \  at large t \  also implies C2 =  0 and thus ^  =  0, re turn ing us to  the 
o rig ina l Bohr-Sommerfeld cond ition.
However, we now wish to  apply a d ifferent cond ition on the Q \  solution. We 
place an interface at z =  0, and state th a t above th is interface lies an as yet unspecified 
chromosphere. In  principle, we can calculate the value o f the quan tity  v ^ /p u  im m ed iately 
above the interface for any chosen model. Since the vertica l component o f veloc ity, and 
PLi^ the p a rtia l tim e derivative o f the Lagrangian pressure pe rtu rbation , are both continuous 
across an interface, so too  is the ir ra tio . Thus, given a chromospheric solution o f any sort, 
we can find a cond ition which the solution must satisfy. The m atch ing o f Q i to  this 
cond ition w ill demand a particu la r comb ination of the A i and B i functions which comprise 
the Q i  solution. In  other words, the interface cond ition picks the relative values o f c\ and 
C2 , and thus the value o f the phase (p.
For example, an interface cond ition which constrained the Q i solution to  being 
very close to  evanescent at z =  0 would give a small value o f C2 re lative to  c%, and thus 
a small value o f 4>- A n  interface cond ition which im plied th a t the Q\  solution departed 
s ign ificantly from  evanescent behav iour at z =  0 would give a larger relative value o f C2 , 
and thus a larger value o f 0.
We carry out this process as follows. Let us introduce the quantity  A , defined by
(4.25)
z=Q-PLt
The quan tity  A  w ill be calculated (by whatever means) for whatever chromospheric atmo- j
sphere is to  be considered. By considerations of continu ity across the interface, z =  0, we |
can then say th a t i
—  =  A . IPLi Z=0+ ;
We now wish to  relate the function Q =  to  the function V z jpn .  Re- j
calling (see section 1.5.1) th a t in  the absence o f  a magnetic fields the tim e derivative o f the |
Lagrangian pressure pertu rbation  is given by I
PLt =  -poc^V .u , I
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we find th a t Q, Vz and p u  are related by 
Q '{z ) _
Q {z)
, g k l
2 po w
Now A  =  Vz/pLt at z =  O"**; so evaluation o f equation (4.26) at z =  0+ gives
Q '
Q 2=0  + =  u4 +  C 'A,
(4.26)
(4.27)
where A  and C  are given by
and
, 9^1
2zo zo
Thus, given the value o f A , we can calculate the value o f the quan tity  Q '/Q  a t z =  O'*'.
Let us now re tu rn  to  the general form  o f our Langer solution fo r Q i,  and derive the 
functiona l form  o f Q \ fQ \ .  We w ill eventually equate the value o f th is function at z =  0'*' 
w ith  the value o f Q* jQ  given by equation (4.27). We have
Qi = Cl Kg(z)
from  wh ich we find tha t
1 i ( 4 y [ 4 1
1/2
Q i 4 ii h 4 k J h
[A i( t i )  - f ta n < ^ B i( / i) ] ,
A i^ (t i)  +  tan (j> B K (fi)  
A i ( i i )  +  ta n 0  B i( t i)
(4.28)
(4.29)
Q i 1 [ 4 ( 0 ) 1 1 W ( o ) ] ' « î ( 0 )
Q i 2=0+ 44 i (0 ) f i ( 0 ) 4 K | (0 ) t i ( 0 )
This then is the functiona l form  o f Q [ f Q i  from  our Langer solution. Evaluating this at 
z =  O'*" then gives the expression
Ai^[U (0)] +  tan  ^  B i'[^ i (0)] 
A i[ / i(0 ) ]  +  tan 0 B i[< i(0)]
(4.30)
We now match at z =  0+ the value o f Q [ / Q i  formed from  our Langer solution 
w ith  the value o f Q '/Q  imposed by the interface cond ition (4.27):
A i '[ i i ( 0 ) ]  +  ta n .» B i'[ i i(0 ) l
A i[^ i(0 )] +  tan (p B i[< i(0)] '
(4.31)
1 « i(0 ) 1 « î'(0 ) 4 ( 0 )
4 i,(0 ) < i(0 ). 4 4 ( 0 ) L <i(o)J
A  +  C A  =
Introduce the quan tity  X (0 )  by
A (0 ) =  A +  CA  + 4 f i(0 )
4 ( 0 )
U(0)
1 / 2
i ( 4 y ( o )
4 4 ( 0 )  ' (4.32)
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Then (4.31) becomes
X (0) -  - 4 (0)fi(0)
1/2 AK[< i(0)] +  tan<?^Bi^[j!i(0)] 
A i[U (0 )] +  tan<?^Bi[ii(0)] (4.33)
which we may rearrange in to  the form
% (0 )A i[< i(0 ) ]+  A i'[ i i( 0 ) ]tan = -------------------------- —^ 11.21^ -----------------
A(0)B i[t,(0)] +  Bi'[<i(0)]
(4.34)
This is the desired result fo r the phase angle (p.
Thus, in  summary, we have the follow ing form ulation fo r out problem. G iven A , 
calculated from  a model o f the chromosphere, we can use the mod ified Bohr-Sommerfeld 
cond ition, equation (4.23), w ith  the phase cP evaluated from  equation (4.34). In  equa­
tion  (4.34), the value o f X (0 )  depends on the value o f A , and the value o f /^(O) can be 
calculated from  the general expression fo r given in equation (4.22).
We now look br ie fly at the possible ways o f adapting th is approach to  deal w ith  
the s ituation where only one tu rn ing  po in t exists in z >  0.
4 .2 .4  O ne tu rn in g  p o in t p ro b lem
The two tu rn ing  po in t problem described above w ill be applicable for modes o f 
sufficiently low frequency th a t k^(0'*') <  0, as demanded by cond ition (4.11). However, 
there may well be modes fo r wh ich is positive, but for which wave motions are
s till evanescent in  the chromosphere. Can we form ulate a procedure fo r dealing w ith  these 
modes?
Let us firs t a ttem pt to  form ulate another mod ified Bohr-Sommerfeld cond ition 
pa rticu la r to th is case. We can do th is by considering only the solution around the turn ing  
po in t Z2 , and m atch ing th is solution to  our interface cond ition. We have
Q2(z ] % A i(/2 ). (4.35)4 ( z ) .
Assum ing th a t the interface z =  0 lies in the region fo r which the asym ptotic 
expansion for A i at large and negative <2 is valid, we have
Q2  = C3 4(z )
1 /4
sin
2^ 7[-
k {'w ) chu 4- — (4.36)
from  wh ich we find tha t
^  =  - k { z )  c o t V2
' 7TI  k {w ) d w +  ~  Jz 4
A  s im ilar m atch ing procedure to  th a t carried out above then gives 
A  4- C A  =  —k(0 ) cot 
which may be rearranged to  give
/  k {w ) d w - \ - j  Jo  4
L
3K ( w )  dw  =  ( n  +  - ) 7r — t a n " ^  0 4
K(0)
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(4.37)
(4.38)
(4.39)A  +  C A J
Thus we can derive a mod ified Bohr-Sommerfeld cond ition fo r this particu la r s it­
uation. However, p re lim inary numerical investigations cast doubt on the accuracy o f this 
fo rm u la tion , especially when considering modes for wh ich «^(O"*") was close to  zero. This 
is because the iP  profile is sensitive to  the cu t-o ff term  near z =  0, even i f  th a t effect is 
not sufficient to  reduce to  zero. Also, recall th a t in the process o f deriv ing the gen­
eral Langer solution we found th a t such a solution is not valid near a turn ing  po in t other 
than the one for which the solution was obta ined (section 3.2). The consequence of this 
is th a t near z =  0, the solution does not give an accurate representation o f the exact 
solution, and so apply ing the interface cond ition d irectly to  the Q 2 solution does not y ield 
an accurate evaluation o f the modes. The one turn ing  point problem described here could, 
however, be applicable fo r very h igh frequency modes where the effect o f the cu t-o ff term  
is less significant.
I t  is desirable, then, to  form  a separate Langer solution near z =  0, as done in 
the tw o tu rn ing  point problem. Such a solution would give a more accurate approxim ation 
to  the exact solution in  this region. Then we could match th is  solution to  the interface 
cond ition as before, except th a t in  th is case z =  0 would lie in the region in  where t \  is 
negative. We can form  such a solution by constructing an extension to  the linear polytrope 
model as shown in F igure 4.3.
We extend the linear tem perature profile so th a t T  =  T b (l - f z/zq) for z >  —zq, so 
th a t T  =  0 at z =  — Zq. Then for a ll frequencies fo r which k^(0 ’*') >  0, we are guaranteed 
to  find a turn ing  po in t in  ( —zo, 0). We can construct a Langer solution around th is tu rn ing  
po in t, and then match th a t solution evaluated at z =  0 to  the interface cond ition. Now, our 
application o f the interface cond ition to  the Q i  solution in section 4.2.3 made no assumptions 
about where the tu rn ing  po in t lay, so we can use precisely th is fo rm ula tion , allowing only
I l l
z
Figure 4.3: Temperature profile fo r one tu rn ing  po int problem
fo r the fact th a t ^i(O) w ill be negative in  th is case. I t  proves convenient to  rew rite the 
defin ition o f given in equation (4.22), in the form
Thus we have extended the approach given in sections 4.2.2 and 4.2.3 to  include the one 
turn ing  po int problem described here.
As a fina l po in t, we have defined 1% (%) in  terms of integrals o f /cf, the lead ing order 
fo rm  o f However, since we can also ana lytica lly  integrate the fu ll (see Append ix A ), 
i t  makes sense to  use the fu ll to  avoid any unnecessary approxim ation.
This completes our description of the derivation of the m od ified Bohr-Sommerfeld 
cond ition and its  general application to  the problem o f p-modes.
4 .2 .5  S u m m a ry  o f m e th o d
The method we have form ulated is as follows. Our approxim ate eigenvalue cond i­
tion  fo r an oscillation representing a p-mode is
Z2 I
k { w ) dw =  {n  -  -)7T — (f), (4.40)
Zl
where and Z2 are the zeros o f K^(z), n is the order o f the mode and is a phase shift 
associated w ith  the effect o f the chromospheric interface. We take K^(z) in the form  given
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by the linear po lytrope model, as shown in  equation (4.10), bu t in  general may be o f any 
fo rm  satisfying the canonical equation (3.1) in  the absence o f a magnetic field. We evaluate 
<p th rough the expression
X ( 0 ) A i [ i , ( 0 ) l + [ - | ^ ] ' ^ 'A i ' [ < . ( 0 ) ]
t a n 0 = ------------------------------!=— — ^2 -------------- • (4.41)
X ( 0 ) B i [ « i ( 0 ) l + [ - ^ ]  B i 'k (O ) ]
where A , defined by
A =  —PLt (4.42)z—0~
must be calculated fo r the pa rt icu la r chromospheric model chosen. In  general, A  w ill be a 
function  o f frequency, and so equations (4.40), (4.41) and (4.42) w i l l fo rm  an im plic it system; 
thus some form  o f ite ra tion  w ill be required to  find the mode frequency. The quan tity  h (0 )  
is calculated from
2 
3 [^ i(0 )f^ ^  =  /  [-« i(u j)]^ /^c /u ;, Zl >  0, (4.43)Jo
^ [ “ ^ i(0 )f'^^  =  J  K i(w )d w ,  Zl <  0. (4.44)
The evaluation o f these integrals is described in  Append ix A .
4.3  E valu ation  o f  th e  m od ified  B oh r-S om m erfeld  con d ition
We now look at the application o f th is method to  p-modes fo r two simple chro­
mospheric models, to  evaluate its  accuracy by comparison w ith  exact results fo r the same 
models.
4 .3 .1  Is o th e rm a l n o n -m ag n e tic  chrom ospheric  m o d el
We look firs t a t the chromospheric model described in  section 1.5.2. For this model, 
Vz and V .u  are given by equations (1.83) and (1.82) respectively, so we can calculate tha t 
A , the value o f V z/pu  at z =  0 " ,  by
A  = (4.45)Poo(w'^ -  g'^kl)
fo r g iven w, k^ and Cq. The value o f poo> the equilibr ium  dens ity a t z =  0“ , is calculated 
from  the cond ition of con tinu ity  o f equilibr ium  pressure across the interface. We specify
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Figure 4.4: Mode frequency (in  m Hz) vs. degree /, calculated from  the mod ified Bohr- 
Sommerfeld cond ition. Modes considered are o f order n=10 (lowest curve), 20 and 30; the 
chromosphere is non-magnetic, and at a tem perature o f 4170K.
Po(0'^), the equilibr ium  gas pressure at z =  O'*", which in th is non-magnetic case must be 
equal to  the equilibr ium  gas pressure at z =  0“ . We can then find the value o f poo from  the 
equation
.2 =  W O " )
° Poo
We can then tie  equation (4.45) to  our mod ified Bohr-Sommerfeld cond ition (4.40) 
th rough an ite ra tive  scheme to  calculate the frequency o f a mode o f given order n. F igure 4.4 
shows curves o f frequency against degree / fo r modes o f orders 10, 20 and 30; ind iv idua l 
modes w ill o f course be d is tinct points on these curves. Once again we see the d istinctive 
parabolic form  o f p-modes.
Let us now exam ine the accuracy o f the method as follows. We are using the same 
model as for the exact solution, so the most we can hope to  achieve in our approxim ation 
fo r th is  case is to  accurately reproduce the exact results. Figure 4.5 shows the fractional 
e rror in  our results, defined by
_ WWKB -  € — ,^^ exact
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Figure 4.5: Fractional error in  mode frequency vs. order n fo r modes o f degree 50.
fo r modes o f degree 50 w ith  varying order n. We see th a t our approxim ate m ethod yields 
frequencies accurate to  be tte r than 0.5% for modes o f order greater than 10.
The error in  frequency at around 5mHz is about 6/iHz. This is larger than the 
frequency shifts in  which we are interested, but this does not mean th a t we are unable 
to  study frequency shifts w ith  this method. A  change in  chromospheric cond itions w ill 
result in  a change in the error, e, and i t  is th is change in € which w ill have to  be smaller 
than the frequency shifts we are interested in i f  the use o f our m ethod is to  be justifiable. 
Since fo r th is reason i t  is impossible to quantify  the errors in the frequency shifts, we 
must evaluate the accuracy o f our method for such curves by d irect comparison w ith  exact 
frequency sh ift curves. We do th is for th is model by generating frequency shifts through a 
change in  chromospheric tem perature, from  4170K to  4400K. F igure 4.6 shows the frequency 
shifts generated in  I =  50 modes for the exact dispersion re lation (dotted line) and fo r our 
approxim ate method (solid line). We see again th a t our m ethod gives a good approx im ation 
to  the exact s ituation. The trend in  the exact results is fa ith fu lly  recreated, and the actual 
magn itudes o f frequency shift found are reproduced to  w ith in  0.1/zHz.
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Figure 4.6: Frequency sh ift (in  /(Hz) vs. orig ina l frequency (in  m Hz) induced by an in ­
crease in  chromospheric tem perature from  4170K to  4400K, fo r modes o f degree 50 and 
vary ing order n. The solid curve depicts frequency shifts calculated from  the mod ified 
Bohr-Sommerfeld cond ition, the dotted curve those calculated from  the exact dispersion 
re lation (Cam pbell and Roberts, 1989).
4 .3 .2  Is o th e rm a l m o d e l w ith  u n ifo rm  m ag n etic  fie ld
We now look at the isotherm al chromospheric model w ith  a uniform  magnetic field, 
as described in section 1.5.3. The exact results for th is model (Evans and Roberts, 1990; Ja in 
and Roberts, 1993) are discussed in  sections 3.1 and 4.1; th is  model gives turnover, as 
discussed in  section 3.7.
For th is model we tu rn  to  a numerical solution in the chromosphere. The s ta rting  
po in t is the asym ptotic behav iour o f the wave equation as z —> — oo. Our wave equation is 
as given in equation (1.89), so the asym ptotic form  o f th is equation as z — —oo is
cPv, k l 0.
The exponentia lly decaying asym ptotic solution to  our wave equation is thus
Vz -  C3 Q X p { k x Z ) ,  z <  0.
(4.46)
(4.47)
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We firs t consider a po in t in the chromospheric model at sufficiently large and negative z 
th a t th is asym ptotic solution is accurate. We then integrate the fu ll equation (1.89) down 
through the chromospheric model, using a 4th-order R unge-Kutta  m ethod (Abram ov itz  
and Stegun, 1967: 25.5.10). We thus find the values o f Vz and its  derivative at each o f the 
chosen number o f gr id po ints, and u ltim ate ly  at z =  0“ . From these values we can also 
calculate the value o f V.-u im m ed iately above the interface, and thus the value o f A . Since 
the defin ition o f A  involves the ra tio  o f Vz and V .u ,  the a rb itra ry  constant cg w ill not affect 
its  value. In general, however, A  w ill be a function o f frequency, and so some ite ra tion  w ill 
be required between our numerical scheme and the eigenvalue cond ition (4.40). Note also 
th a t there is no upper lim it  on frequency in th is problem, so no cu t-o ff effect w ill be present.
We again calculate the value o f poo by considering the con tinu ity  o f the equilibrium  
to ta l pressure across z =  0. We specify the value o f pq at z =  0+; th is must then be equal 
to  the equilibr ium  to ta l pressure, po -f- Ho/2/(o, at z =  0_. For a chosen field strength B q, 
we can then calculate po(0“ ) and thus poo and thus uq, the A lfvén speed at the base o f the 
chromosphere.
Mode frequencies calculated by th is  method again show the parabolic form  of 
F igure 4.4, and the fractiona l error curve is v irtu a lly  identical to  th a t shown in Figure 4.5.
Once again, we can also investigate the accuracy o f our m ethod in  generating 
frequency shifts. Figure 4.7 shows the effect o f increasing the magnetic field from  lOG to 
30G; the dotted line again represents the exact results, while the solid line depicts results 
derived from  our approxim ate m ethod. Aga in the two curves are in  good agreement.
F igure 4.8 shows the effect o f increasing the magnetic field from  40G to  50G wh ile 
also increasing the chromospheric tem perature from  4170K to  a) 5000K and b) 6000K. We 
see th a t the trend in  the exact results is again reproduced, and th a t the magn itudes o f the 
frequency shifts are again close to  those found by the exact method. The accuracy appears 
to  be least good in the curves o f F igure 4.8, and particu la rly  in  the case o f curve b). Th is 
effect is due to  the fact th a t, in  curve b), the largest sh ifts are not fo r modes of the highest 
order. The larger errors at these lower orders are thus stressed by the form  o f the turnover 
curve. The magn itudes o f these errors are s t ill less than around 50nHz, however.
Thus we can summarise the accuracy o f our method as follows. The trend in the 
exact frequency shift data is reproduced in all cases, although there is a tendency fo r our 
m ethod to  over-estimate the frequency shifts induced. We believe th a t th is error has been 
in troduced by the less accurate approxim ation to  the solution o f the wave equation near
117
2.5-1
2.0 -
1.5
0.5-
0.0
0 51 2 3 4
Figure 4.7: Frequency sh ift (in  f i î lz )  vs. orig inal frequency (in mHz) induced by an increase 
in  magnetic field strength from  lOG to  300  in  an isothermal chromosphere at a tem perature 
o f 4170K. The solid curve depicts the approxim ate results, the dotted curve the exact results 
(Evans and Roberts, 1991).
z =  0. However, we can be reasonably confident th a t the form  o f frequency shifts gained 
from  our approxim ate method fo r a general chromospheric model w ill accurately represent 
the fo rm  o f such a curve gained from  an exact treatm ent o f the same problem.
We are now in  a position to  investigate the effect o f some o f the features in the 
chromospheric tem perature profile introduced in  section 4.1.
4 A  E ffect o f  tem p era tu re  grad ients
4 .4 .1  Low  ch rom osphere te m p e ra tu re  gradients
Let us consider f irs t the gradual rise in tem perature present in the lowest region 
o f the chromospheric model o f U lrich (1993). In  U lrich ’s model, the tem perature rises from  
4150K at the tem perature m in im um  to  6000K at a he ight o f around 500km. In  what follows, 
we express tem perature grad ients in the units Kelvin per Megametre (K M m ~ ^); th is rise
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Figure 4.8: Frequency sh ift (in  /.tHz) vs. orig inal frequency (in m Hz) induced by an increase 
in  magnetic field strength from  40G to  50G and an increase in chromospheric tem perature 
from  4170K to  a) 5000K and b) 6000K. Solid curves dep ict approxim ate results, dotted 
curves exact results (Evans and Roberts, 1991).
in  tem perature corresponds to  a grad ient o f 3700KM m “ ^. Hov/ does such a chromospheric 
tem perature profile affect the mode frequencies? How does the presence o f a tem perature 
grad ient m od ify  the effects o f changing the magnetic field strength and base temperature? 
And, fina lly, how significant an effect can be caused by a change in such a grad ient?
We a ttem pt to  answer these questions by setting up the fo llow ing chromospheric 
model. We specify the tem perature to  be given by
z < 0 , (4.48)
where Tc is the tem perature at the base o f the chromospheric model and T '  is the tem ­
perature grad ient. Thus the tem perature increases linearly w ith  height in the model. The 
sound speed in the model is thus given by
Co(l -z/z/t). (4.49)
where Cq , the sound speed at the base o f the model, is given by Cq =  jR T c ,  and Zh-> the
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scale height for th is model, is given by
The magnetic field is again taken to  be uniform  and horizontal. Our general equilibr ium  
equation (1.7) then gives the dens ity and A lfvén speed variations in the model:
m  =  /)oo(i -  (4.51)
and
v \  =  v l { \ - z l z h T ‘+''. (4.52)
Here />oo and vq are the values o f the equilibr ium  dens ity and A lfvén speed, respectively, at 
the base o f the model, and the parameter is defined by
me =  (4.63)
Note also th a t since
lim  (1 +  a j y y  =  e“ , (4.54)y—^QO
in  the lim it  Zh —» oo the expression (4.51) for the equilibr ium  dens ity becomes the same as 
fo r the isotherm al model.
For th is profile, the asym ptotic form  o f the wave equation (1.89) w ill be the same as 
th a t given in  equation (4.46). Thus our numerical solution in the chromosphere w ill proceed 
as described in  section 4.3.2. We can then invoke the mod ified Bohr-Sommerfeld cond ition, 
equation (4.40), to  calculate mode frequencies for this choice o f chromospheric model, and 
thus the frequency shifts induced by a change in the model. W ith  so many parameters 
involved, there are obv iously a number o f degrees o f freedom available to  generate frequency 
shifts for th is model. We can change Tc, the tem perature at the base o f the chromospheric 
model; we can change To, the strength o f the magnetic field; and we can change T ', the 
grad ient o f the tempera,ture profile in the model. As the poss ib ility exists for confusion to  
arise from  th is  m u ltip lic ity  o f factors, we w ill a ttem pt to  deal w ith  them  one at a time.
Consider the effect on mode frequencies o f in t ro d u c in g  a te m p e ra tu re  g ra d i­
e n t w h e re  p re v io u s ly  none  was p re s e n t. Our in itia l frequency is calculated for the
isotherm al l im it  o f th is profile, w ith  a magnetic field of lOG and a base tem perature o f 
4170K. We then introduce a tem perature grad ient, whose m agn itude can be varied, keeping 
the base tem perature and magnetic field unchanged, and compare the frequencies obta ined
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Figure 4.9: Frequency shift (in  /iH z) vs. orig inal frequency (in  m Hz) induced by the in ­
troduc tion  o f a tem perature grad ient where previously none was present. Curves displayed 
are for a subsequent tem perature grad ient o f 500 (smallest sh ifts), 1000, 2000 and 4000 
K M m ~^. The base tem perature is fixed at 4170K, the magnetic field strength at lOG.
w ith  our isotherm al results. Figure 4.9 shows the frequency shifts obta ined by in troduc­
ing a progressively steeper tem perature grad ient o f 500, 1000, 2000 and 4000 Kelv in per 
megametre. We see th a t the general trend is to  lower the mode frequencies, pa rticu la rly  at 
higher frequencies. Since w hat we are do ing is raising the tem perature fo r a ll points in  the 
chromosphere, other than z =  0, i t  is not surprising tha t these results are sim ilar in  form  
to  F igure 4.6 above.
As well as look ing at the effect o f in troducing a tem perature grad ient, we can 
also exam ine how the presence o f a tem perature grad ient modifies frequency shifts resulting 
from  a change in  base tem perature a nd /o r magnetic field. In  th is pursu it we are basically 
repeating the calculations o f section 4.3.2 above, but w ith  some k ind o f tem perature grad ient 
present.
Let us look at the effect o f in c re a s in g  th e  base te m p e ra tu re , k e e p in g  th e  
m a g n e t ic  f ie ld  a n d  te m p e ra tu re  g ra d ie n t u n a lte re d . F igure 4.10 shows the result of 
changing the base tem perature from  4170K to  4400K, w ith  a magnetic field o f lOG. The
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Figure 4.10: Frequency sh ift (in  / i l lz )  vs. orig inal frequency (in  m Hz) induced by an increase 
in  the base tem perature from  4170K to  44GGK, for a variety o f fixed tem perature grad ients. 
Curves displayed are f irs tly  fo r the isotherm al l im it  (smallest sh ifts), then for tem perature 
grad ients o f 5GG, IGGG, 2GGG and 4GGGKMm“ ^. The magnetic field strength is held at IGG.
curves p lo tted are f irs tly  fo r the isotherm al l im it ,  and then for tem perature grad ients o f 
5G0, lOGO, 2GGG and 40GG K M m “ ^. We see th a t the h igher the tem perature grad ient, the 
greater the negative frequency shift; the tem perature grad ient has the effect o f emphasizing 
the frequency sh ift due to  a change in  base temperature.
We now tu rn  to  the effect o f in c re a s in g  th e  m a g n e t ic  f ie ld  s tre n g th ,  ke e p in g  
th e  base te m p e ra tu re  a n d  te m p e ra tu re  g ra d ie n t f ix e d . F igure 4.11 shows the result 
o f changing the magnetic held strength from  IGG to  3GG, w ith  a base tem perature o f 4170K. 
The curves p lo tted are for the same tem perature grad ients as Figure 4.10. Again we see 
th a t the tem perature grad ient has the effect o f emphasizing the frequency shift due to  the 
change in magnetic held strength.
We can look at the effect o f in c re a s in g  th e  m a g n e t ic  f ie ld  s tre n g th  a n d  th e  
base te m p e ra tu re  to g e th e r ,  k e e p in g  th e  te m p e ra tu re  g ra d ie n t f ix e d . F igure 4.12 
shows the effect o f changing the base tem perature from  417GK to  50G0K wh ile the magnetic 
held strength is increased from  40G to 5GG. The curves p lo tted here are for the isothermal
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Figure 4.11: Frequency sh ift (in  i-iliz) vs. orig inal frequency (in  m Hz) induced by an increase 
in  magnetic field strength from  lOG to  30G, fo r a variety o f tem perature grad ients. Curves 
d iplayed are f irs tly  fo r the isotherm al l im it  (smallest sh ifts), then fo r tem perature grad ients 
o f 500, 1000, 2000 and 4000KM m “ ^. The base tem perature is fixed at 4170K.
case and for tem perature grad ients o f 1000, 4000, 7000 and 10000 K M m ~^. F igure 4.13 is 
calculated fo r the same change in  magnetic field and the same tem perature grad ients, but 
w ith  the base tem perature now rising to  6000K. We see in Figure 4.12 th a t the tem perature 
grad ient again increases the magn itude o f the frequency sh ift, a lthough i t  does not assist the 
onset o f ‘tu rnover’ in the A i/  curve. In  F igure 4.13, however, the sharpness o f the turnover 
is increased by strong tem perature grad ients, since the dom inant effect at high frequencies 
is the negative shift associated w ith  the increase in base tem perature.
F inally, we can extend th is approach fu rth e r by allow ing the tem perature grad ient 
to  change at the same time as the base tem perature and /o r magnetic field strength change. 
We then have three degrees o f freedom in the problem, and an endless variety o f situations 
could be considered. We w ill a ttem pt to  consider only those wh ich are relevant to  our 
specific problem, th a t o f turnover, and to  U lr ich ’s chromospheric model.
We thus look at the turnover scenario shown in Figure 4.13, and exam ine the 
effect o f in c re a s in g  th e  te m p e ra tu re  g ra d ie n t a t th e  sam e t im e  as th e  m a g n e t ic
123
0.6 n
0.5-
0 .4 -
0 .3 -
0.2
0.1-
0.0
0 1 2 3 4 5
Figure 4.12: Frequency sh ift (in  //H z) vs. orig inal frequency (in m Hz) induced by s im ulta­
neous increases in  base tem perature from  4170K to 5000K and in  magnetic field strength 
from  40G to  500 , fo r a variety o f tem perature grad ients. Curves displayed are for the 
isotherm al l im it  (smallest sh ifts), then for tem perature grad ients o f 1000, 4000, 7000 and 
lOOOOKMm-i.
f ie ld  s tre n g th  a n d  base te m p e ra tu re  a re  b e in g  inc reased . F igure 4.14 shows the 
effect o f increasing the magnetic held strength from  400 to  500 , the base tem perature from  
4170K to  5500K, and the tem perature grad ient from  zero, the isotherm al l im it ,  to  a higher 
value. The curves p lo tted are h rs tly  fo r no change in tem perature grad ient, then for a 
subsequent tem perature grad ient o f 500, 1000 and 2000KMra~^. We see th a t the increase 
in  tem perature grad ient has the effect o f assisting the frequency sh ift turnover, w ithou t 
signihcantly reducing the peak frequency shift.
W hat conclusions can we draw from  these various numerical experiments? We 
summarise these as follows.
1. The in troduction  o f tem perature grad ients, such as those present in  U lrich ’s model, do 
have a s ignificant effect on mode frequencies (Figure 4.9); increasing the tem perature 
grad ient has an effect th a t is sim ilar to  increasing the base tem perature.
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Figure 4.13: Frequency sh ift (in  /.ilîz) vs. orig inal frequency (in  m Hz) induced by s im ulta­
neous increases in base tem perature from  4170K to  6000K and in  magnetic field strength 
from  40G to  50G, fo r a varie ty o f tem perature grad ients. Curves displayed are for the 
isotherm al l im it  (topm ost curve), then fo r tem perature grad ients o f 1000, 4000, 7000 and 
lOOOOKMm-i.
2. The fundam ental behav iour appears to  be th a t a non-isothermal chromosphere has 
the effect o f emphasizing any frequency shifts th a t are present in an isotherm al model 
(F igures 4.10-4.12).
3. When turnover is present, the presence of a tem perature grad ient assists th is  effect 
(F igure 4.13). An increase in tem perature grad ient also strengthens the turnover effect 
(F igure 4.14).
W hat is the relevance o f these conclusions to  the solar problem? We have seen th a t 
studies o f an isotherm al chromosphere do not produce the precipitous drop in  frequency 
shifts present in observations. I t  has been demonstrated here th a t the presence o f tem per­
ature grad ients has the effect o f sharpening the turnover effect to  a significant extent. An 
increase in the magn itude o f the tem perature grad ient can also contribute to  th is effect.
M any d ifferent situations could now be considered in  an a ttem pt to  match the
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Figure 4.14: Frequency sh ift (in  /iH z) vs. orig ina l frequency (in  m Hz) induced by s imul­
taneous increases in chromospheric base tem perature from  4170K to  5500K and magnetic 
field strength from  40G to  50G, f irs tly  fo r zero tem perature grad ient (topm ost curve), then 
fo r an increase in  the tem perature grad ient from  zero to  one o f 500, 1000 and 2000KMm~^.
observational data more exactly. We can consider many d ifferent changes o f base temper­
ature and magnetic field strength; fo r the linear tem perature model, the behav iour fo r all 
such situations is consistent w ith  th a t shown in Figures 4.10-4.14. A  fu rthe r study has 
been carried out featuring a model comprised o f a linear tem perature region topped by an 
isotherm al region; the effects observed for th is model tu rn  out to  be very s im ilar to  those 
found fo r the simple linear tem perature model.
We now tu rn  to the second tem perature feature we wish to  investigate, th a t o f the 
steep rise in  tem perature in the high chromosphere.
4 .4 .2  H ig h  chrom osphere te m p e ra tu re  grad ients
One o f the most notable features o f the solar chromosphere is the sharp rise in 
tem perature at its  upper boundary, around 2000km above the photosphere, where the 
chromosphere gives way to  the trans ition  region and the corona. Th is feature is dep icted in
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the numerical model o f U lr ich shown in Figure 4.1. From around 2000km, the tem perature 
rises to  around 100 OOOK by a he ight o f around 3000km, then r is ing even more steeply to  
a value o f around 1 000 OOOK by a he ight o f 4000km. The largest tem perature grad ients in 
these regions can thus be o f the order o f 1 000 OOOKMm“ ^. These tem perature grad ients 
are fa r larger than those considered in  section 4.4.1. The difference here, o f course, is th a t 
the tem perature does not rise at th is ra te  im m ed iately from  the photosphere, but from  a 
po in t some 2000km h igher, which w ill greatly reduce its effect on modes resident in the 
solar in te rio r.
We model th is fo rm  o f tem perature variation as follows. We consider the low chro­
mosphere to  be isotherm al, w ith  the tem perature then increasing linearly  above a certa in 
height. This varia tion is th is described by
T  =  I  +  (4.55)\ T'c-i ~ d  <  z < 0 ,
where d is the height in the chromospheric model at wh ich the tem perature starts to  rise. 
We again impose a uniform  horizonta l magnetic field of strength B q, and calculate the 
dens ity and A lfvén speed variations from  the equilibr ium  equation (1.7).
To investigate these effects, i t  proves useful to  consider the numerical value cal­
culated fo r A . A ll th a t our eigenvalue cond ition (4.40) knows about the chromosphere is 
encapsulated in  the value o f A , so any change in the state o f the chromosphere wiU affect 
mode frequencies through a change in the value o f A . As a yardstick, for an isothermal 
chromosphere w ith  a lOG magnetic held, changing the tem perature from  4170K to  4400K 
alters the value o f A  from  3174.9m^s^kg“  ^ to  3119.9m^s^kg“  ^ fo r a frequency o f 4.5mHz; 
th is results in  a frequency sh ift o f around 0.3)uHz.
Following the model o f U lr ich, we firs t take d, the he ight a t which the tem perature 
starts to  rise, as 2000km. We consider a base tem perature o f 4170K and a magnetic held 
o f lOG. Table 4.1a shows the value o f A  h rs tly  fo r the isotherm al l im it ,  T ' 0, and 
then for various values o f the tem perature grad ient. We see th a t even fo r a tem perature 
grad ient o f 10®KMm“  ^ there is no significant change in  A ; thus we would not expect 
frequencies calculated fo r such a chromosphere to  d iffer s ignificantly from  those calculated 
fo r an isotherm al chromosphere. Since 2000km corresponds to  about 8 dens ity scale heights, 
i t  is not surprising th a t a tem perature rise so high in the chromosphere has no s ignificant 
effect.
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T ' (K M m - i ) A(m ^s^kg 1)
0
100 000 
1 000 000 
10 000 000 
100 000 000
3174.91773
3174.91774 
3174.91776 
3174^U829
3174.91894
d (km ) A(m ^s^kg 1)
00
2000
1500
1000
500
3174.91773
3174.91776
3174.92183
3175.56485
3249.39749
Table 4.1: Var ia tion o f A  w ith  a) T ' and b) hc
The question, then, is how low does the base o f the rise in  tem perature need to  
be to  generate any effect? Table 4.1b shows the values o f A  calculated once again fo r the 
isotherm al l im it ,  d —> oo, and then fo r various values o f d. In  each o f these cases, the 
tem perature grad ient is taken as 10®KMra~^. We see th a t the base o f the tem perature rise 
m ust lie below 1000km i f  th a t feature is to  have any effect on mode frequencies. As th is is 
inconsistent w ith  the model o f U lr ich, and w ith  the observed form  o f tem perature variation 
in  the solar chromosphere, we are le ft w ith  the conclusion th a t the steep rise in  tem perature 
at the top o f the chromosphere has no s ignificant effect on mode frequencies.
4 .4 .3  S u m m a ry
In  th is sections we have stud ied the effect on frequency sh ift curves o f chromo­
spheric tem perature grad ients, in an a ttem pt to  find better agreement w ith  the observed 
fo rm  o f such curves. Simultaneously increasing the tem perature and magnetic field strength 
o f an isotherm al chromosphere gives turnover, but as a gradual effect, ra ther than the ob­
served prec ipitous drop in frequency sh ift. We have seen in this section th a t the presence o f 
a tem perature grad ient in  the lowest pa rt o f the chromosphere has the effect o f ‘sharpen ing’ 
the turnover effect. An increase in chromospheric tem perature grad ient, along w ith  in ­
creases in  base tem perature and magnetic field strength, furthe r encourages this behav iour. 
Tem perature grad ients in  the highest part o f the chromosphere, however, have no s ignificant 
effect.
Unlike Jain and Roberts (1993), we here make no a ttem pt to  match the observed 
data exactly, fo r the fo llow ing reasons. F irs tly , the results o f Libbrecht and W oodard (1991) 
are averaged over a number o f modes o f vary ing degree and order; the result o f th is averaging 
is very sensitive to  the particu la r set o f modes chosen, and the precise m ethod o f averaging
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used. Secondly, given the sim plic ity  o f our model, and the fact th a t an approx im ate method 
is used to  calculate frequency shifts, i t  is unlikely th a t we could exactly reproduce the 
observed data. The best we can hope to  achieve is to  recreate the trend o f the observed 
data, fo r example by producing a turnover curve. We can then investigate the effect on tha t 
fo rm  o f some add itional feature in the model; fo r example, th a t a chromospheric tem perature 
grad ient makes turnover occur more sharply.
4.5  P h y sica l con sid era tion s
In  the prev ious section we used the mod ified Bohr-Sommerfeld cond ition (4.40) to  
investigate a pa rticu la r p-mode problem. However, in this investigation we were basically 
carry ing out a numerical experiment, as we could have done to  greater accuracy w ithou t 
ever deriv ing our cond ition. W hat then is the po in t o f our cond ition?
W hat we hope to  gain from  our approach is a greater physical understand ing of 
and insight in to  the various processes operating. The mod ified Bohr-Sommerfeld cond i­
tion  (4.40) is a compact result, w ith  all the influence o f the chromosphere contained in 
the single te rm  0; th a t term  itse lf depends on the quantity  A , which depends only on the 
physics o f the chromosphere. We should, then, be able to  separate out the physical effects 
operating in  this problem, by study ing the influence o f the chromosphere on the value o f 
A , and the influence o f the value o f A  on the mode frequency. C arry ing out th is procedure 
should give us greater insight in to  the problem o f chromospheric effects on p-mode frequen­
cies; we would also hope to  ga in a simple phys ical p icture o f the workings o f th is problem, 
wh ich could po ten tia lly  be o f more general interest in the field o f helioseismology.
We look f irs t a t the relationship between A  and f/, the frequency o f an ind iv idua l 
mode, and consider an analogous physical problem to  inspect the physical processes at work.
4 .5 .1  R e la tio n sh ip  betw een  A  and u
We have seen in section 4.2.2 th a t a phase term  dependent on a quantity  A  
provided by our chromospheric model, can m od ify mode frequencies through a form  o f 
the Bohr-Sommerfeld cond ition. An analogous physical problem is th a t o f sound waves 
in  a organ pipe. Such waves form  norm al modes at frequencies largely selected by the 
dimensions o f the pipe. However, an add itional phase term  is introduced by the poss ib ility 
o f one end o f the p ipe be ing either open or closed. To illus tra te  th is analogy, we set up a
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much simplified system based on the p-mode problem, and exam ine the physics operating 
beh ind the selection o f mode frequencies for such a system.
We consider again the wave equation (1.21) for in  a general plane-parallel a t­
mosphere. To s im plify  the problem, we set both  the magnetic field strength, B q, and the 
g rav ita tiona l acceleration, g, to  zero, and also specify th a t the tem perature is uniform  
throughout the atmosphere. We also restr ic t a ttention  to  waves which have no horizontal 
component o f propagation, im ply ing  th a t is identica lly zero. The wave equation fo r this 
s itua tion  is thus
d?Vz . w
dz"  ^ g2 (4.56)
where c/ is the isotherm al sound speed throughout the atmosphere. The general solution 
o f equation (4.56) is
V z  =  uosin +  6q c o s  • (4.57)
We construct a model as follows. We place a solid wall a t z =  T, and consider the
behav iour o f wave motions in  [0 ,X ], which we can consider to  be our mode cav ity for this 
problem. The solid wall <it z — L  imposes the cond ition
Vz\ = 0 .  (4.58)\ z = L
We have a choice o f cond itions at z =  0; i t  is this choice which w ill determ ine the 
fo rm  o f the eigenvalue cond ition fo r th is problem. F irs tly , le t us consider the atmosphere 
to  be ‘closed’ a t z =  0, requiring tha t
Vz = 0 .  (4.59)z —Q
The cond itions (4.58) and (4.59) y ield the eigenvalues
—  =  rnr, (4.60)CJ
where n is a positive integer describ ing the order o f the mode.
We can also look at the behav iour when the atmosphere is ‘open’ at z =  0. In  the 
case o f a organ pipe, we would expect an open pipe to  d isplay a pressure node at % =  0,
since the gas at th a t po in t should have the same unchanging value o f pressure as the region
unaffected by the wave m otion. Thus to  represent an open pipe our cond ition is th a t the 
Lagrangian pressure pertu rbation  pi, is zero at z =  0. In  this problem , p u  — —p o c jV .v
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and V . r  is sim ply so our cond ition representing an ‘open’ atmosphere is simply
0. (4.61)dVzdz 2=0
Cond itions (4.58) and (4.61) give the eigenvalues
“  =  ( ^ “ 2 ) ’’^ - (4.62)
We can also look at a more general s ituation where we specify the value o f V z/pn
at z =  0; this value w ill fu lfil the defin ition o f A  given in  section 4.2.3. The cond ition at
z — 0 wiU then be
1 71. =  A . (4.63) 1_ Vz
Cond itions (4.58) and (4.63) then give the eigenvalue equation
^  =  UTT +  ta n “ ^[poc/wTA]. (4.64)
Th is re la tion can reproduce either the ‘closed’ atmosphere (A  0) result, or the ‘open’ 
atmosphere (A  —0 0 ) result.
Equation (4.64) is analogous to  the mod ified Bohr-Sommerfeld cond ition (4.40), 
except th a t the {n  -  )^7T in  th a t result appears as nvr in  this cond ition. This is because the 
Langer solution used in the derivation o f the mod ified Bohr-Sommerfeld cond ition introduces 
a phase sh ift o f t t /4  at each tu rn ing  point.
We now exam ine fu rth e r the behav iour o f equation (4.64). F igure 4.15 shows the 
varia tion o f the mode frequency, calculated from  equation (4.64), w ith  A , for modes o f 
order 10. A ll quantities are in non-d imens ional units. We see th a t the mode frequency lies 
between two extremes, defined by the lim it in g  values as A  —^ ± 0 0 .
F igure 4.16 shows the variation o f w ith  z for the n =  1 mode, fo r A  equal to  -1, 
0 and 1. We see th a t fo r the A  =  0 case there is precisely one half-wavelength contained in  
the cavity [0 ,L ], as im plied by equation (4.60). This corresponds to  the case o f the closed 
organ p ipe. For A  =  — 1, the phase term  tan""^[poC/wLA] w ill be negative, and so less phase 
w ill be conta ined in  the region [0 ,L ]. This results in  a decrease in  mode frequency. The 
lim i t  A  —^ —0 0  leads us to  the case described by equation (4.62), which corresponds to  a 
completely open pipe.
For A  — 1, an interesting situation occurs. An add itiona l am ount o f phase has 
been introduced in to  [0, L ], and th is  results in an increase in frequency. This situation does
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Figure 4.15: Mode frequency (in  non-d imens ional units) vs. A  (in  non-d imens ional un its).
not correspond exactly the organ p ipe analogy, since in such a s itua tion  we cannot physically 
generate a positive value at the end o f the pipe. A  closed p ipe has A  =  0; opening the 
pipe reduces its value. For our general problem, however, we may include th is  case; we may 
consider i t  as the extreme case o f closure o f the atmosphere.
Thus our physical p icture runs as follows. In  stipu la ting  the value o f A  at z =  0, 
we are specihying the position o f the pressure and veloc ity nodes o f the wave m otion in 
[0 ,T ]; when we vary A , we are thus a ltering how ‘open’ or ‘closed’ the atmosphere is, and 
thus altering the frequency at which a norm al mode w ill be formed in  the cavity. Sim ilarly, 
in  the p-mode problem, the value o f A  found from  the chromospheric model w ill specify 
the pressure and veloc ity node form  o f the wave m otion in the solar in te rio r cavity, w ithou t 
having any effect on the form  or pos ition o f the cavity itself. Thus the value o f A  plays a 
pa rt in  fix ing  the frequency at which a p-mode is formed.
Before we leave th is subject, let us briefly exam ine the relationship o f A  to  the 
frequency o f a mode in the actual p-mode problem. A llow ing A  to  vary from  -4000m^s^kg~^ 
to  4000m^s^kg"^, F igure 4.17 shows the frequency calculated from  our mod ified Bohr- 
Sommerfeld cond ition (4.40) fo r the / =  50, n — 30 mode. We see th a t the behav iour is 
very sim ila r to  th a t shown in Figure 4.15.
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Figure 4.16: vs. z fo r various values o f A
In Figure 4.17, we chose an apparently a rb itra ry  range o f A . Indeed, in  this 
section, we have not been concerned w ith  how the chromospheric model picks a particu lar 
value o f A . I t  is to  th is top ic we now tu rn .
4 .5 .2  R e la tio n sh ip  o f A  to  th e  chrom ospheric  m o d e l
The value o f A  supplied by the chromospheric model is defined by
A  =
where p i t  is given in  general by
PLt =  ~Po
PLt z=0~ (4.65)
(4.66)
and z =  0~ represents the base o f the chromosphere. W hat chromospheric features w ill 
influence the value o f th is quantity?
Let us exam ine the typ ica l values o f A  produced by some o f the models we have 
considered. F igure 4.18 shows the varia tion o f A  w ith  chromospheric tem perature fo r the 
isotherm al non-magnetic chromospheric model, for a frequency o f 4.5mHz. We see th a t an
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Figure 4.17: Mode frequency (in  m Hz) vs. A  ( in  m^s^kg calculated from  the mod ified 
Bohr-Sommerfeld cond ition fo r the I =  50, n =  30 mode.
increase in  chromospheric tem perature reduces the value o f A . By F igure 4.17, th is should 
then result in  a drop in  mode frequency, and th is  is indeed what we have already seen.
F igure 4.19 then shows the varia tion o f A  w ith  B q fo r our isotherm al model w ith
a un ifo rm  horizontal field; the tem perature is fixed at 4170K. We see th a t A  increases w ith
increasing magnetic field, and tha t th is is again consistent w ith  previous results.
W ha t physical grasp can we gain on the process by wh ich the value o f A  is selected? 
To help us pick out the im portan t effects, we make the follow ing approxim ations. F irs tly  
we utilise the fact th a t fo r the group o f p-modes we are considering (high-?i, m ed ium -/), i t  
is generally true th a t
>  k lc l ,  (4.67)
where Cs is a typ ica l sound speed in the chromosphere. Since we are considering only high-n 
modes, i t  is also true th a t
>  gkx. (4.68)
A rm ed w ith  these two observations, we look again at equation (4.26), which is 
the general relationship between the function Q, defined by Q =  and the ra tio
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Figure 4.18: A  (in  m^s^kg ' )  vs. tem perature (in  K ) fo r the isotherm al non-magnetic 
model.
'^zIpLti in the absence of a magnetic field
Q (z)
V o  ■ 9^1 
2po «1 s i - (4.69)
Let us consider the firs t term  in  square brackets in equation (4.69). In  an isotherm al 
atmosphere, th is w ill reduce to
19 a k l
W
W hen cond ition (4.67) holds, th is expression w ill be dom inated by its  firs t term , —^ g j2c^. 
The second term  in  square brackets in  equation (4.69) w ill obv iously reduce to  when 
cond ition (4.68) holds. Thus, under these approx im ations, equation (4.69) can be w r itten  
in  the form
1 r Ci' '\n  1
(4.70)VzPLt
9 L a.1 1 .
Th is is a useful result because Q is the variable o f the canonical wave equa,tion (1.24). Thus 
i t  proves re lative ly easy to  deduce the form  o f Q, and thus the behav iour o f Q 'IQ . We can 
then use equation (4.70) to  make observations about the behav iour o f VzjpLt^ and thus the 
value o f A .
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Figure 4.19: A  (in  m^s^kg vs. magnetic field strength (in  G) fo r the isotherm al chromo­
sphere w ith  a un iform  horizonta l magnetic field.
For example, in the case o f an isotherm al non-magnetic chromosphere, we find 
th a t Q '/Q  is given exactly by Kq, wh ich is positive. This implies th a t the scale height 
o f the decay o f the Q solution is 1 / For  th is  model, we can w r ite  th a t
1A
Thus A  is positive, w ith  im plications for the mode frequency as discussed in section 4.5.1. 
Under the approx im ations (4.67) and (4.68), Kq can be w r itten  as
. (4.71)
A t frequencies such th a t /vq is negative, increasing the chromospheric tem perature acts to  
increase the term  —7 ^p^/cq in  equation (4.71). The term  decreases, but by a lesser
am ount, since <  7 p/cq. Thus Kq increases, and y /—Kq decreases, m ak ing Q decay less 
rap id ly  w ith  height. This reduces the value o f A , and thus o f u.
If, on the other hand, the tem perature becomes very small, such th a t Kq —> —oo, 
then A  w ill become very large; th is  acts to  increase the mode frequency. In  such a situation, 
Q is very rap id ly  evanescent.
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Figure 4.20: Q (in  non-d imensionalised units) vs. z (in  km ) fo r magnetic field strength o f 
IGG (top  curve), 20G and 30G.
Thus we can see th a t in  this case i t  is the form  o f Q 'fQ  near z =  0~ wh ich 
determ ines the interface cond ition at z =  0. I f  Q is very rap id ly  evanescent, we find tha t 
A  oo; th is  corresponds to  the case o f a completely ‘closed’ organ p ipe discussed in 
section 4.5.1. Smaller values o f w ith  less steeply decaying forms o f Q, give lower
values o f A , and thus o f u. I t  is reasonable th a t motions which extend furthe r in to  the 
chromosphere produce a more ‘open’ interface cond ition.
When there is a magnetic field present, i t  is impossible to  derive a simple re la tion­
ship like equation (4.70), even for the approximations given. However, the same emp irical 
ru le is seen to  operate; more sw iftly  evanescent forms o f Q result in  higher values o f A . 
Figure 4.20 shows num erically calculated normalised values o f Q near z =  0~ for magnetic 
field strengths of lOG, 30G and 50G; the steepest curve is th a t fo r a field strength o f 50G. 
We saw in  F igure 4.19 th a t the value o f A  is higher for stronger magnetic fields, so a more 
steeply evanescent form  o f Q is again associated w ith  higher values o f A  in th is case.
Can we associate the rate o f evanescence o f Q w ith  in th is case? I f  we assume 
th a t the Q solution is not rad ica lly altered by the presence o f a magnetic field, we can form
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a W K B  solution near ^ <  0. This solution w ill be o f the form  
fo r cases when <  K^(z), we can then w r ite  th a t
We again see th a t the quantita tive  behav iour o f Q 'JQ  is governed by the behav iour o f
We may now consider the approx im ate form  o f g iven in  Chapter 2, th a t is
-  I P -  (4.72)
Increas ing the value o f Bq w ill decrease the value o f and thus increase the value of 
\ / — Thus increasing the magnetic field strength has the effect o f increasing the rate of 
evanescence o f Q in  the chromospheric model; we would thus expect th a t the values o f both 
A  and the mode frequency would increase along w ith  the magnetic field strength.
Thus fo r frequencies at which wave motions are evanescent in  our chromospheric 
model, an increase in tem perature makes waves ‘less evanescent’ , by reducing the influence 
o f the cu t-o ff term . An increase in  magnetic field strength, on the other hand, makes 
motions ‘more evanescent’ , by reducing the contribution from  the f irs t term  in
4 .5 .3  S u m m a ry
We can summarise our physical p icture o f the effect o f the chromosphere on p- 
modes as follows. The effect o f the chromosphere may be viewed in  terms o f how ‘open’ or 
‘ closed’ the mode cav ity is. This influences the positions o f the velocity and pressure nodes 
and antinodes w ith in  the cavity, and thus the frequencies at which modes w ill form . The 
more open the cav ity, the lower the mode frequencies.
In  the chromosphere, the im portan t factor is the rate o f evanescence o f wave mo­
tions. A  chromosphere in  which m otions die out very rap id ly w ith  height gives a closed 
cav ity, while less rap id ly evanescent m otions give a more open cavity.
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C hapter 5
H ig h -freq u en cy  p -m o d es
5.1 In tro d u ctio n
In  Chapters 3 and 4 we described investigations in to  modes ly ing  in the classical p- 
mode frequency range o f l-5 m H z . For such modes, motions are evanescent throughout the 
chromosphere, and a stand ing wave is formed whose upper boundary is set by the process 
o f reflection at the solar surface. Such modes have comprised the m a in subject o f p-mode 
research fo r several decades.
In  recent years, however, observers have reported the apparent existence o f modes 
at frequencies above the acoustic cu t-o ff frequency o f around 5.3mHz (D uvall Jr. et al., 
1991; Fernandes et al., 1992; Ronan and LaBonte, 1993). These modes, wh ich we describe 
as h igh-frequency modes, have been observed at frequencies o f up to  about lO m llz , and i t  is 
antic ipated th is upper lim it  may rise fu rthe r w ith  improved observations. F igure 5.1 shows 
the fam ilia r frequency-degree parabolae o f p-modes, now extend ing to  a frequency o f over 
SmHz.
Several theories have been put forward to  expla in the form ation  o f p-modes above 
the acoustic cu t-o if frequency. Ba lm forth  and Gough (1990) have suggested th a t modes 
m ay be allowed to  form  by the trapp ing  o f waves at the sharp tem perature d iscontinu ity 
in  the trans ition  region. K um ar and Lu (1991) have a lternative ly suggested tha t actual 
norm al modes are not formed, but th a t the peaks in power at high frequencies are due to  
the interference o f propagating waves in the chromosphere. The subject remains open for 
fu rthe r theoretical explanations.
The improved qua lity  o f high-frequency mode observations has recently encouraged
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Figure 5.1: Observed mode frequencies (in  m Hz) vs. degree I (reproduced from  Ronan, 
Cadora and LaBonte, 1993).
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F igure 5.2: Observed frequency sh ift (in nHz) vs. orig ina l frequency (in  mHz) (reproduced 
from  Ronan, Cadora and LaBonte, 1993).
observers to  consider frequency shifts fo r these modes. In  pa rticu la r, Ronan et al. (1993) 
have considered two pa irs o f datasets in the range 4-6.5m Hz, and produced frequency shift 
curves fo r this frequency range. These are reproduced in  F igure 5.2. O f greatest interest 
are the uncircled data po ints, which represent the averaged change in  mode frequencies 
between observing sessions in  1987 and 1991. We see th a t over th a t period, many mode 
frequencies have decreased s ignificantly. For modes o f around 4.5mHz, there is v ir tu a lly  no 
sh ift, bu t at higher frequency, we see large negative frequency shifts beg inning to  occur. 
A t  around 5.5mHz, the averaged mode frequency sh ift is about -IS^uHz, much larger than 
shifts observed in the sub-cutoff frequency range. A t higher frequencies s till, the frequency 
sh ift curve ‘turns over’ , and the negative frequency sh ift starts to  decrease in  magn itude. 
We m igh t expect a second zero frequency sh ift at around 6.5mHz.
Thus we have a s itua tion  where modes above the acoustic cu t-o ff frequency appear 
to  exist, bu t for which no m ethod o f mode fo rm ation  has yet been confirmed. We have 
already seen in Chapter 2 th a t a chromospheric magnetic fie ld could supply the m issing
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mechan ism. In  the system described in  Chapter 2, which included a chromospheric model 
w ith  a un ifo rm  horizonta l magnetic held, we found tha t modes could theoretica lly fo rm  at 
a ll frequencies, includ ing those at which high-frequency p-modes are observed. The crucial 
physical effects are reflection (as influenced by the magnetic fie ld), and refraction (which 
could trap  waves by means o f the increasing fast magnetoacoustic speed in the model). 
Thus we may seek a form u la tion  o f the problem wh ich allows us to  calculate norm al modes 
fo r th is  system above as well as below the acoustic cut-o ff frequency.
Is th is a reasonable phys ical description o f high-frequency p-mode form ation? I t  is 
expected th a t a sound wave propagating almost vertica lly upwards in to  the chromosphere 
w i l l man ifest itse lf as a fast magnetoacoustic wave; such a wave could certa in ly be trapped 
by a chromospheric magnetic field wh ich gives rise to  a m onoton ica lly increasing fast speed 
profile, as occurs in  the un iform  magnetic field case. Our earlier investigation has shown 
th a t, fo r modes o f 10mHz fo r example, a turn ing  point in the vertica l motions o f the 
atmosphere w ill occur a t a height o f around 1000km fo r a 30G field. A  field o f such an 
extent and strength in  the chromosphere is not implausible. Thus the process o f wave 
trapp ing  we have described fo r th is  system could represent the actual mechanism for the 
fo rm ation  o f high-frequency p-modes.
The frequency sh ift data described above can be considered as an extension o f 
previously considered frequency sh ift data, as shown in  F igure 1.6 (L ibbrecht and W oodard, 
1991). Th is data was produced by comparing mode frequencies measured in  1986 and again 
in  1989. We attem pted to  expla in the form  o f the frequency sh ift curve by m odelling the 
chromosphere as described above, and found th a t a simultaneous change in  tem perature 
and magnetic field strength produces the desired turnover eflfect. We now propose to  follow 
a sim ila r procedure in the case o f high-frequency modes.
In  th is chapter, we w ill calculate mode frequencies for the system prev iously inves­
tiga ted, th a t is a linear po lytrope overlain by an isotherm al chromospheric model conta ining 
a un ifo rm  horizontal magnetic field. Hav ing done so, we then consider the changes induced 
in  mode frequencies by various changes in the equilibr ium  properties o f the chromospheric 
model.
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5.2 M od e freq u en cies
The method o f calculation o f mode frequencies is identica l to  th a t used in  Chap­
te r 4. In  the chromospheric model, we num erically integrate the wave equation for v^ : as 
described in  section 4.3.2. This allows us to  determ ine the value o f A ,  which is then used 
to  calculate the mode frequency th rough the mod ified Bohr-Sommerfeld cond ition, which 
is fZ2 I
/  k {z ) clz =  {n  ~ - ) t^  -  (f), (5.1)J Zl ^
where ^  is a phase angle evaluated from
X (0 )A i ( t , ( 0 ) ]+  ■ A i'[ fr (0 ) ]
ta n < ^ = ---------------------------------------------  ■ (5.2)
A (0 )B i[ t i(0 ) ]  +  J— Bi ' [ t i (0) ]
A ll variables in equations (5.1 and (5.2) are as defined in  section 4.2. Ite ra tion  w ill be 
required to  find the mode frequency. Note also th a t in this range o f frequencies we cannot 
consider the non-magnetic chromospheric model, since in the absence o f a magnetic field 
modes do not fo rm  above the acoustic cu t-o ff frequency.
Figure 5.3 shows mode frequencies calculated using this method. The degree I is 
allowed to  vary from  1 to  200, and the three curves are for modes o f order 10, 20 amd 30. 
The chromospheric magnetic field strength is set at 30G and the tem perature at 4170K. 
We have stopped the curves at /=200 and z/=10m llz; in  practice, we could extend them 
indefin ite ly. We again see the fam ilia r form  o f p-mode parabolae. As mentioned in earlier 
investigations, th is is not surprising since the parabolic form  is the signature o f the in te rio r 
mode cav ity, which operates in  the same way whatever the choice o f chromospheric model 
o r indeed frequency range. I t  is in the form  o f frequency shifts th a t we expect the effect o f 
the chromosphere to  man ifest itself.
5.3 F requency sh ifts
The fo llow ing procedure is used to  calculate frequency shifts. We consider modes 
o f degree /=50 , and allow the order n  to  vary from  1 to  150; the mode /= 50 , n=150 is found 
to  have a frequency o f about lOniHz. We calculate the mode frequencies for one set o f 
the chromospheric model parameters (Bo,Tc), correspond ing to  a chromospheric magnetic 
fie ld strength Bq and tem perature We then repeat the calculation fo r a d ifferent set of
10-1
6 -
4 -
143
“T "
50 100 150 200
Figure 5.3: Mode frequency (in m Hz) vs. degree I for modes o f order n=10 (lowest curve), 
20 and 30. The chromospheric tem perature is taken as 4170K, the magnetic field strength 
as 30G
parameters, and so determ ine the change in frequency o f each mode. The frequency shift 
is p lo tted against the orig ina l frequency.
Figure 5.4 shows the frequency response to  a change in magnetic field strength in 
the atmosphere. We set the tem perature to  4170K, and specify an in it ia l magnetic field 
strength o f 20G. We then increase the field strength to  30G (the lower curve) and 40G (the 
upper curve). We see th a t frequencies generally increase as a result o f an increase in field 
strength, and th a t the larger change in magnetic field strength results in  a larger frequency 
sh ift. There is a m ax im um  frequency shift for an in itia l mode frequency o f around 8.5mHz. 
Thus we see a new feature in the behav iour o f the frequency shift curve in  the high-frequency 
mode range, the occurence o f a max im um .
F igure 5.5 shows the change in  frequency induced by a change in tem perature. We 
set the magnetic field strength to  30G, and impose an in itia l tem perature o f 4170K; we then 
increase the tem perature to  5000K (the top curve), 5500K and 6000K (the bo ttom  curve). 
Frequency shifts are generally negative, and are o f greatest m agn itude for the largest change 
in  tem perature, but again there is a m ax im um  in the magn itude o f the frequency sh ift, in
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Figure 5.4: Frequency sh ift (in  yLiHz) vs. orig ina l frequency (in  m Hz) induced by an increase 
in  magnetic field strength from  20G to  300 (g iv ing the lower curve) and 400  (g iv ing the 
upper curve). The chromospheric tem perature is held at 4170K. Modes considered are of 
degree /=50  and vary ing order n.
th is  case for mode frequencies in  the range 7-8m Hz. Th is is a feature which is not present 
in , o r even suggested by, the frequency sh ift curves in the low frequency range.
We can also consider the effect o f changing the magnetic field strength and the 
tem perature simultaneously; in  do ing so, we expect to  recover the turnover curves in  the 
l- 5 m llz  range wh ich we have stud ied in Chapters 3 and 4. F igure 5.6 shows the effect 
o f increasing the magnetic field strength from  lOO to  300 , wh ile simultaneously altering 
the tem perature in  the chromosphere from  an in it ia l value o f 4170K. The topm ost curve is 
fo r no increase in tem perature; subsequent curves are for increases from  4170K to  5000K, 
6000K, 7000K and 8000K (the lowest curve). We see an increasingly complex behav iour o f 
the frequency sh ift curves. The ma in features are as follows.
A ll o f the curves in Figure 5.6 show a positive frequency sh ift in  the low frequency 
range; the positive shift is smaller fo r the larger tem perature increases. In  the case o f small 
tem perature increases, frequency shifts rema in positive fo r frequencies o f up to  lOmHz. 
However, when the tem perature is increased to 6000K or more, turnover occurs and we find
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Figure 5.5: Frequency shift (in  //Hz) vs. orig ina l frequency (in  mHz) induced by an increase 
in  chromospheric tem perature from  4170K to  5000K (top curve), 5500K and 6000K (bo ttom  
curve). The magnetic field strength is held at 30G.
a zero in  the frequency sh ift. The larger the tem perature change, the lower the frequency 
at which the zero o f frequency shift occurs. We thus have a range o f frequency fo r which 
frequency shifts are negative. In such cases, we always find a secondary turnover in the 
frequency shift: th a t is, the magn itude o f the frequency sh ift reaches a m ax im um  before 
decreasing once more as the frequency increases further. For these sets o f parameters, the 
secondary turnover occurs at a frequency o f between 6 and 6.5n iHz. For larger changes in 
tem perature, the magn itude o f the frequency shift at secondary turnover is larger. We then 
generally find a second zero o f frequency sh ift; the frequency at which th is occurs is higher 
fo r larger tem perature increases.
I t  is helpful to  exam ine one particu la r frequency shift curve in  each of the frequency 
ranges separately. Consider the m iddle curve o f Figure 5.6, correspond ing to  a magnetic 
field strength increase from  lOG to  30G along w ith  a tem perature increase from  4170K to  
6000K. F igure 5.7a shows the classical, sub-cutoff range o f frequency we have considered 
in  Chapters 3 and 4. We see in general a positive frequency sh ift, d isplaying the turnover 
effect. The m ax imum frequency increase is around lOOnHz, at a frequency o f around 3mHz,
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Figure 5.6: Frequency sh ift (in  p illz ) vs. orig ina l frequency (in  m Hz) induced by an increase 
in  magnetic field strength from  lOG to  30G, w ith  a simultaneous increase in chromospheric 
tem perature from  4170K. Curves displayed are f irs tly  fo r no increase in tem perature (top 
curve), then fo r increases to  5000K, 6000K, 7000K and 8000K (bo ttom  curve). Modes 
considered are o f degree /=50  and vary ing order n.
and there is a zero o f frequency shift at around 4mHz.
F igure 5.7b shows the same curve in a higher frequency range, from  about 4 to  
7mHz; note the change o f scale in the frequency shifts. In  th is  range we see in  general a 
negative frequency sh ift, w ith  another turnover effect apparent. The m ax im um  negative 
frequency sh ift fo r these parameters is around 2.5/iHz, at around 6.3m IIz, and there is a 
second zero o f frequency shift at around 7mHz.
F igure 5.8 shows frequency sh ift curves for the same changes in  magnetic field 
strength and tem perature as Figure 5.6, but now for a d ifferent set o f modes. We consider 
modes o f degree 150, and allow the order to  range from  1 to  50. Understandably, the /=50, 
71=150 mode forms at almost exactly the same frequency as the /=150, 77=50 mode, so we 
are again considering frequencies up to  lO m liz . We see th a t the same form  o f frequency 
sh ift curves results, bu t w ith  the magn itudes o f sh ifts increased approx im ately threefold.
F igure 5.9 shows the same modes as in  Figure 5.6, but now for a d ifferent change
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Figure 5.7: Frequency sh ift (in  ^H z) vs. orig inal frequency (in  m Hz) induced by s imul­
taneous increases in chromospheric tem perature from  4170K to  6000K and magnetic field 
strength from  lOG to  300. The frequency range is separated in to  a) the low frequency range 
( l-4 .5 m H z ) and b) the h igh frequency range (4-7m Hz).
in  magnetic field strength; we now increase the field strength from  200  to  4 00 , fo r the same 
changes in  tem perature. Again, the basic behav iour is reproduced, but we find th a t the 
ma.jor features o f the curves (fo r example, po ints o f turnover or zero frequency sh ift) now 
occur at higher frequencies than for the lOO to  300  change.
5.4  P h y sica l con sid era tion s
W hat is the cause o f these forms o f frequency shift curves? This a very large 
question, which we w ill not be able to  answer fu lly  here. However, we can look at one aspect 
o f the problem as follows. We have seen in section 4.5 th a t the influence o f the chromosphere 
is expressed through the value o f the quan tity  A , as defined in equation (4.25). We p lo tted 
the var ia tion o f A  as a function o f H q, the magnetic field strength, and Tc, the chromospheric 
tem perature fo r a mode o f frequency 4mHz; we can now do the same fo r a mode above the 
acoustic cu t-o ff frequency.
Figure 5.10 shows the variation o f A  w ith  Tc for a mode o f frequency 8mHz and a 
magnetic field strength o f 300 . We see th a t a s ingularity in A  occurs at around Tc=7000K; 
A  tends to  — oo as Tc tends to  th is value from  below, and to  -f-oo as Tc tends to  th is value 
from  above. F igure 5.11 then shows the variation o f A  w ith  B q fo r an 8mHz mode and a
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Figure 5.8: Frequency sh ift (in  /iH z) vs. orig inal frequency (in  m Hz) induced by s im ulta­
neous increases in  chromospheric tem perature and magnetic field strength as described in 
F igure 5.6. Modes considered are o f degree /=150 and vary ing order n.
magnetic field strength o f 4170K. Aga in we see a singularity in A , here at around Bo=10G.
W hy do such singularities occur? To see this, i t  is helpful to  consider the varia tion 
o f the vertica l velocity, w ith  height in  the chromospheric model, as calculated by our 
num erical routine. F igure 5.12 shows the normalised value o f Vz p lo tted  against height in  the 
model, fo r a mode o f Sm llz , a magnetic field strength o f 30G and a varie ty o f chromospheric 
temperatures. The upper curve is fo r Tc=4170K, and the others are fo r Tc—6000K, 8000K 
and f ina lly  lOOOOK. As the tem perature is increased, we see th a t the form  o f Vz becomes 
increasingly ‘osc illa to ry ’ in z. A t a certain tem perature, Vz wiU be zero at z =  0“ , th a t is 
we w ill have a node o f a t z =  0 " . Th is w ill be the tem perature for which A  =  0. A t 
higher temperatures s till, there w ill be an anti-node of at z =  0. Near the anti-node 
o f Vz w ill exist a node o f th a t is a height at which pLi is zero; thus at a tem perature 
near th a t fo r which Vz has an anti-node at z =  0~, p l t  w ill be zero at z =  0“ . For th is 
tem perature, we w ill have an in fin ite  value of A . As the tem perature increases beyond th is 
value, A  w ill be fin ite  once more, but o f a d ifferent sign to  the value o f A  on the other side 
o f the s ingularity. Eventually we w ill reach another node o f A  w ill once more be zero
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Figure 5.9: Frequency sh ift (in  /J Iz )  vs. orig inal frequency (in  m Hz) induced by s imultane­
ous increases in  magnetic field strength from  20G to  40G and in  chromospheric tem perature 
as described in Figure 5.6. Modes considered are o f degree /=50  and vary ing order n.
and the process w ill repeat itself.
This effect must be taken in to  account when we calculate mode frequencies for such 
high-frequency modes. W hen a node o f Vz exists in  the chromospheric model, calculation o f 
the frequency of, say, the n =  30 mode using the mod ified Bohr-Sommerfeld cond ition, w ith  
A  as calculated from  the chromospheric model and =  30, w ill actua lly give the frequency 
o f the n =  31 mode, since the 7?,-value appearing in  the cond ition actually represents the 
number o f nodes o f in z >  0. Thus our form ulation must also take in to  account the 
number o f nodes o f Vz in  z <  0, as well as the value o f A . A lte rna tive ly , we can s till 
calculate the mode frequency using M =  30 in this case, but the value o f (f) must be corrected 
to  include add itiona l in tegra l multiples o f tt to  represent the phase removed from  z >  0.
In  our physical description in Chapter 4, F igure 4.17 showed the response of the 
mode frequency to  the value o f A ; a decrease in  A  results in a decrease in frequency. This 
p icture is s till true  for th is problem, but not complete. Now, A  can ju m p across a s ingularity 
from , say, a large negative value to  a large positive value. In terms o f F igure 4.17, what is 
happening here is th a t the w -A  curve fo r a mode o f order n jum ps onto another branch.
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Figure 5.10: A  vs. chromospheric tem perature at a frequency o f 8mHz.
th a t correspond ing to  the mode o f order n — 1. Thus as A  passes through a singularity, the 
mode frequency continues to  decrease as a result.
O ur physical p icture is thus th a t a more osc illatory fo rm  o f in 2: <  0 results in  
a lower value fo r the mode frequency. Now we have seen th a t the nature o f the solution 
and the value o f A  depend upon the values o f B q and Tc- B u t why do changes in  these 
quantities then yield the forms displayed in  Figures 5.6-5.9? This is a complex question, 
invo lv ing the physical processes o f reflection and refraction described in  section 2.3, and 
the changes in  the operation o f these processes brought about by changes in  the model; a 
fu lly  comprehensive physical description o f the form  of frequency sh ift curves in the high- 
frequency range does not yet ex ist. The physical description o f section 4.5 describes only the 
case where m otions are evanescent in  z <  0, and so is not applicable here. For modes above 
the acoustic cu t-o ff frequency, we need to  consider the effect o f chromospheric parameter 
changes on osc illatory solutions. Further investigation is thus required in to  the behav iour 
o f high-frequency modes.
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Figure 5.11: A  vs. magnetic field strength at a frequency o f 8mHz.
5.5 D iscu ssio n
We now tu rn  to  a comparison o f our results w ith  the observations. In  the low 
frequency range, we have already seen th a t the general form  o f observations (L ibbrecht and 
W oodard, 1991) is reproduced by our model as a consequence o f an increase in chromospheric 
magnetic field strength and tem perature (see section 4.1 and also Ja in and Roberts (1993)). 
In  the h igh frequency range, we can compare our theoretical results w ith  the averaged 
observed frequency shift curve shown in Figure 5.2 (Ronan et ah, 1993). We again see th a t 
the observed form  is successfully reproduced in  our theoretical frequency shift curves for an 
increase in  magnetic field strength and tem perature. The general form  matches the form  o f 
the observed curves rem arkably well.
So much for the form , bu t w hat about the actual numerical values o f the frequency 
shifts and o f the frequencies at which various features o f the curve occur? A  precise match ing 
o f our curves to  the observations is in  fact very d ifficu lt. Some o f the problems we encounter 
are sim ilar to  those we have already discussed in section 4.4.3. For example, we must 
decide on realistic values o f and changes in 5 q, taken to  represent the magnetic canopy 
field strength, and To, representing the tem perature in the chromosphere. Th is choice is
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Figure 5.12: Vertica l velocity (in  dimensionless units) vs. z (in  km ). Curves displayed 
are fo r a mode o f frequency 8mHz and chromospheric temperatures o f 4170K (top curve), 
6000K, 8000K and 1000OK (botom  curve), the magnetic field strength is 30G.
speculative. We see from  F igures 5.6 and 5.9, however, th a t the precise values o f frequencies 
at which such features as turnover, secondary turnover and zeros o f frequency shift occur 
are very sensitive to  the precise change in magnetic field strength considered.
A  second element o f uncerta inty is the averaging procedure used to  produce a 
single observational averaged frequency sh ift curve. Both Libbrecht and W oodard (1991) 
and Ronan et al. (1993) use such an averaging procedure. The fo rm  o f the averaged curve 
depends on the particu la r set o f modes be ing considered, since the m agn itude o f frequency 
shifts are in general p roportiona l to  /: Figure 5.8 shows the dram atic effect on frequency 
shifts o f considering modes o f d ifferent degree, even fo r curves o f sim ilar form . We would 
prefer to  see averaged curves which removed the /-dependence, as we have done for a lim ited  
dataset in  section 1.2, or curves presented for narrow bands o f / (fo r example, /= 45 -55 ).
A  fu rth e r area o f uncerta in ty is the lim ita tions  o f our model and the m athem atical 
fo rm u la tion  through which we calculate mode frequencies. For example, one lim ita tio n  in 
our treatm ent o f h igh-frequency modes given here is th a t we are considering an isothermal 
chromosphere. The results o f Chapter 4 show th a t tem perature grad ients in  the chromo-
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sphere can have a significant effect on mode frequencies; we would expect th is to  be aU the 
more true at high frequencies. Thus we cannot realistically expect th a t our simple model 
w i l l give exact agreement w ith  the observed frequency sh ift curves, in  either the sub-cutoff 
frequency range or the high frequency range.
The useful conclusions we can make from  our work are as follows. F irs tly , the 
proposed theory o f mode form ation  above the acoustic cu t-o ff th rough trapp ing  o f waves 
by the chromospheric magnetic held produces modes o f a s im ilar character to  p-modes. 
Secondly, even fo r our simple chromospheric model, a change in  chromospheric parameters 
can produce the observed forms o f mode frequency shift curves in  bo th  the sub-cutoff and 
h igh-frequency ranges. This is the most we could expect our simple model to  do.
There is a hnal comment we can make on th is problem. The agreement o f the form  
o f theoretica lly computed mode frequency shift curves in the l-5 m H z  range was a s ignihcant 
achievement (Evans and Roberts, 1990; Ja in and Roberts, 1993). However, other authors 
(Goldre ich, M urray, W ille tte  and Kum ar, 1991) have produced a s im ila r form , w ith  better 
num erical agreement, by considering altogether d ifferent chromospheric effects. Indeed, 
there m ight be a number o f effects wh ich yield a turnover curve in  the l-5 m H z  range. 
Thus, a lthough a turnover curve has been produced, there is no guarantee th a t we have 
found the actual cause o f the observed frequency shift curve.
We have taken the same model, w ith  the same changes in  atmospheric parame­
ters, and extended the frequency shift curve in to  a new frequency range, and compared 
the results w ith  a new set o f observations. We find good agreement in  form  w ith  these 
observations. The same po in t can indeed be made, th a t we cannot be sure th a t we have 
pin-pointed the dom inant physical mechanism wh ich produces such frequency shifts, but 
w ith  the dem onstration o f a second area o f agreement i t  becomes increasingly unlikely tha t 
some d ifferent process is responsible fo r the sh ifts. However, fu rthe r investigation is obv i­
ously required, both on the theoretical and observational side. A  less simple model, perhaps 
featuring a non-isothermal chromosphere, for wh ich the exact fo rm  o f wave motions is de­
term ined (e ither analytica lly or num er ica lly), would be an advance. The basis o f such a 
model is described in Chapter 4. More deta iled observations, analysed so as to  fac ilita te  
comparison w ith  theoretical results, perhaps by not averaging over an extensive range o f 
degree /, would also help. For the moment, our conclusion must be th a t the influence of 
the chromosphere, and in particu la r its  magnetic field, is the m ajo r influence on p-mode 
frequency variations over the solar cycle.
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C hapter 6
M o d es  o f  d egree  zero
6.1 In tro d u ctio n
In  Chapter 1 we gave the classical description o f p-mode fo rm ation  by successive 
reflection at the solar surface and refraction w ith in  the solar in te rio r. We have earlier 
investigated a s itua tion  whereby the firs t o f these processes, reflection at the solar surface, 
does not occur (Chapter 5). We now look at a case where the second process, refraction 
w ith in  the solar in te rio r, does not occur.
In  our description o f p-mode form ation , we considered a wave propagating at an 
oblique angle to  a rad ius o f the Sun, and thus being refracted by the increasingly high 
temperatures nearer the centre o f the Sun. We modelled th is by a wave propagating in 
a plane-parallel stra tified atmosphere w ith  a linearly increasing tem perature. B y compar­
ing the rad ia l equation o f wave m otion, equation (1.48), w ith  th a t fo r our plane-parallel 
atmosphere, we concluded th a t th is ‘fla tten ing  o u t’ o f the Sun would prov ide a good ap­
prox im ation  fo r modes o f h igh degree, whose cavities are confined to  near the solar surface. 
D ispersion relations were then calculated to  y ield mode frequencies fo r such a model, and the 
inclusion o f a chromospheric atmosphere allowed the study o f frequency shifts due to  chro­
mospheric changes. A sym pto tic  expansions o f the dispersion relations im plied frequency 
shifts which were proportiona l to  the degree / (Evans and Roberts, 1992), and indeed ob­
served p-mode frequency shifts do appear to  increase linearly w ith  degree (L ibbrecht et ah, 
1990).
However, these asym ptotic expansions im ply zero frequency sh ift fo r zero-degree 
modes, whereas observed frequency shifts fo r zero-degree modes are non-zero (E lsw orth  et
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al., 1990). In  fact, no conclusions as to  low-degree mode frequency shifts, or indeed to  mode 
frequencies themselves, should be drawn from  these dispersion relations or the ir asym ptotic 
expansions, since the plane-parallel model fo r wh ich they were derived is invalid at low 
degree.
Thus the task rema ined to  deal w ith  low-degree modes, and to  demonstrate how 
frequency sh ift curves could occur fo r such modes. Low-/ modes are in  general d ifficu lt 
to  trea t m athem atically, since spherical effects must be taken in to  consideration. For one 
special type o f low-/ mode, however, progress is ra ther more stra ightforw ard. Th is is the 
set o f modes fo r wh ich / =  0.
How do we understand zero-degree modes? These are rad ia l modes for wh ich no 
nodal lines exist on the surface o f the Sun, im ply ing  th a t the whole Sun is oscillating in 
phase. We may form  a s im ilar description to  the wavefront p icture given in  section 1.2.1 as 
follows. Here we w ill encounter a spherical wavefront, each po in t on which wiU be travelling 
towards the centre o f the Sun at the same phase speed. A fte r passing through the centre 
o f the Sun, the spherical wavefront w ill expand outwards again towards the surface, where 
we w ill assume fo r the moment th a t the wavefront is reflected by s im ila r processes to  those 
described in  section 1.2.1.
In  terms o f wave m otion, we can describe th is process in terms o f a wave prop­
agating rad ia lly  towards or away from  the centre of the Sun. Such a rad ia l wave w ill not 
undergo refraction, bu t w ill pass stra ight through the centre o f the Sun. The wave w ill, 
however, be trapped by reflection at the solar surface. For such modes, then, the cav ity 
in  which modes form  is the entire Sun, and reflection is the only process acting to  form  a 
cav ity. A  new model is obv iously required to  calculate mode frequencies in th is problem.
In  th is chapter, we construct a model fo r th is process, and derive a dispersion 
re lation fo r modes formed in th is model. We then consider furthe r the process o f reflection 
at the solar surface by incorporating a chromospheric atmosphere, and exam ine frequency 
shifts fo r the simplest case.
6.2  M od e freq u en cies
How then do we model the process o f zero degree mode form ation  described above? 
Since the wave is propagating rad ia lly  fo r the / =  0 case, the position o f a d isturbance can 
be w r itte n  in terms o f a single one-d imensional variable, the depth z. I f  a mode is to  form ,
156
the stand ing wave solution must be sym m etric about the centre o f the Sun. Thus we need 
only consider one ha lf o f the wave’s trans it across any solar d iameter. We thus consider the 
range o f z defined by [0, Z j], where Zd is some f in ite  depth. The po in t z =  0 corresponds to  
the solar surface, and the po in t z  =  z j  corresponds to  the centre o f the Sun.
In  this range o f z, we w ill a ttem pt to  find solutions to  the d ifferentia l equations 
governing the wave motions. Since the d irection o f propagation is purely entire ly one­
d imens ional, we can use our general d ifferentia l equations as described in  section 1.3, but 
w ith  the horizonta l wavenumber kx set to  zero. We consider firs t the d ifferentia l equation 
in  the vertica l velocity, v^, equation (1.21), which w ith  fca; =  0 and v \  =  0 gives
d 
dz +  pow Ug =  0. (6.1)
Consider again the varia tion o f tem perature in [0, z^ f] to  be given by the linear 
po ly trope model described in  section 1.4.1:
T  -  T o (l +  z/zo), 0 <  z <  Zrf, (6.2)
where Tq is the tem perature at z =  0 and zq is the tem perature scale height. The model 
parameters we w ill use here are as given in Tables 1,1 and 1.2; note th a t the po lytrop ic  
index, m , again takes the value 3 /2 . We have assumed th a t the g rav ita tiona l acceleration g 
is constant throughout the relevant range o f z. This is not true fo r spherical stra tifica tion ; 
however th is  should serve as a reasonable f irs t approxim ation to  the true  behav iour.
For th is model, equation (6.1) takes the form
To solve th is  equation, we introduce a number o f transform ations. F irs tly , we set
yield ing
The transform ation
1 - f z/zo, (6.4)
(6.6)
then gives the d ifferentia l equation
+  (2™ +  1 ) > - ^  +  =  0. (6.7)
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which under the fu rth e r transform ation
(6.8)
becomes
dr =  0. (6.9)
Th is  is the Bessel d ifferentia l equation (A bram ov itz  and Stegun, 1967: 9.1.1). Thus our 
general solution to  equation (6.9) is
X  =  c iJ „ i( r )  +  C2%n(r), (6.10)
where J,n(^’ ) and Y m {r)  are Bessel functions o f the firs t and second k ind.
Hence,
Vz =  [c iJm (r) +  C2Ym(r) ] , (6.11)
where
r
cql
Th is  solution is equivalent to  the asym ptotic solution for in  the lim i t  o f small k^z  found
by Goldre ich, M urray and Kum ar ( in  press).
We may also calculate the forms of dvz/dz  and V .v  in  [0, Since (Abram ov itz
and Stegun, 1967: 9.1.30)
^  [z -”*J,„(z)] =  - ^ - “ J „ + , ( j ) ,  (6.12)
and
^  [ ^ - “ Y „ ( ^ ) l  =  - ^ - ™ Y „ + , ( z ) ,  (6.13)
we find from  the solution (6.11) th a t
dv
N oting  th a t
we find  th a t
~  [ci Jm + l(’') +  C2T7?x+i(7’)] • (6.14)
d r _  2w^Zo 1 
d z "  r '
ITT -  — [ci J„^+i (r)  +  C2Tm +i(r)]. (6.15)
U Z  Cqj^
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Furtherm ore, we see from  equation (1.18) th a t fo r =  0,
dvz 
dz 'V .u = (6.16)
Thus V .D  is also given by equation (6.15).
Let us now a ttem pt to  fo rm  a dispersion re lation by apply ing some boundary 
cond itions on the Vz solution. We specify th a t
=  0. (6.17)
Thus, we are effectively placing a ‘w a ll’ at z =  Zj.
From the form  o f the Vz solution given in equation (6.11), we find tha t
c iJm (rd) +  C2Y m (r j)  =  0 , (6.18)
where
Td - zd/ zo) .  (6.19)Cql
Th is cond ition describes the relationship between the constants c% and C2 > The value o f Zd 
w ill generally be taken to  be the solar rad ius.
W ha t cond ition may we impose at z — 0? In  general, we would like to  impose a 
cond ition related to  a chromospheric solution. For now, however, we w ill merely state th a t 
the atmosphere is ‘open’ at z =  0 , requiring tha t
V .v l  =  0. (6.20)U=o  ^ '
The significance o f th is boundary cond ition is discussed in  section 4,5. From our solution
in  V .u ,  equation (6.16), we then find tha t
< ^ l J r n + l ( ^ ’ o )  T  C 2 k ^ m - t - l ( ^ ’ o )  —  0 ,  ( 6 . 2 1 )
where
2ojzqro -  ------- .Cql
F ina lly, we can elim inate ci and C2 between the two expressions (6.18) and (6.21) 
to  obta in  the dispersion re lation
Jm + i(^ *0 ) ^ 777( ï’f/) Y ~  0 . ( 6 .2 2 )
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Figure 6.1: Mode frequency (in  m Hz) vs. order n fo r modes o f zero degree ( /= 0 ). Dots 
dep ict mode frequencies calculated from  our dispersion re lation, crosses dep ict the observed 
mode frequencies (L ibbrecht, W oodard and Kaufm an, 1990).
Th is  d ispersion re lation describes modes formed in a linear poly trope model w ith  a ‘w a ll’ 
a t a depth o f z =  and an open boundary at z =  0 .
We can calculate mode frequencies from  the dispersion re lation (6.22). We use the 
standard linear poly trope parameters given in  Tables 1.1 and 1.2, and set Zj =  6.96 X 10®m 
(the  solar rad ius). There is a sequence o f solutions to  equation (6.22), which we identify  as 
a set o f modes o f integer order ?i, w ith  n increasing from  zero. The dots in  Figure 6.1 show 
the frequencies calculated for these modes, for n going from  0 to  40, p lo tted  against n. The 
crosses show the observed mode frequencies (L ibbrecht et ah, 1990) fo r p-modes o f degree 
zero and order 12-33, also p lo tted  against order. We see th a t even fo r such a simple model, 
there is good agreement w ith  the observed frequencies.
We also see an apparent linear dependence o f frequency w ith  order n; th is is 
d ifferent to  the observed and theoretical behav iour o f / 7  ^ 0 modes, fo r wh ich the frequency 
is approxim ately p roportiona l to  In  the most common physical situations where
norm al modes arise, fo r example in a gu ita r s tring o f fin ite  length fixed at both  ends, 
we expect mode frequency to  be proportiona l to  the overtone number, or order, n. The
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Figure 6.2: Mode frequency (in m Hz) vs. order n for vary ing po ly trop ic  index m. Sets o f 
dots dep ict theoretical mode frequencies fo r m =1.0  (highest frequencies), 1.25,1.5, 1.75 and 
2.0. Crosses again dep ict observed mode frequencies (L ibbrecht, W oodard and Kaufman, 
1990).
reason th a t I ^  0 p-modes depart from  th is behav iour is th a t the depth o f the cav ity  itse lf 
increases w ith  frequency, w ith  the resultant effect th a t the frequency o f higher order modes 
is p roportiona l to  For zero-degree modes, the depth o f the cav ity  is the same fo r
modes o f a ll frequencies, and so mode frequencies scale linearly w ith  order.
M any factors can affect the precise grad ient o f the theoretica lly calculated w-n 
graph p lo tted in  Figure 6.1, but in terms o f the dispersion re lation (6.22) they express 
themselves through two parameters. The f irs t factor is the value taken fo r Z j; 'the solar radius 
is the only justifiable  value for this parameter. The second factor is the value taken fo r the 
po ly trop ic  index m; in Figure 6.1 i t  is taken to  be 3 /2 , the value appropriate fo r m arg inal 
s tab ility  to  g-modes in  the general treatm ent o f the problem. F igure 6.2 shows various sets 
o f theoretical mode frequencies calculated for various values o f m. The set producing the 
highest frequencies on Figure 6.2 is th a t for in  — 1; other sets are for ?n=1.25, 1.5, 1.75 and 
2. We see th a t the best f i t  w ith  the observational data (the crosses on F igure 6.2) occurs 
fo r m  % 1.35. However, since the agreement is reasonably good fo r m — 1.5, we shall use
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th is  value when calculating mode frequency shifts, to  m a in ta in consistency w ith  previous 
studies.
Thus our simple one-d imensional model, w ith  a ‘w a ll’ placed at a depth o f the solar 
rad ius and a boundary cond ition o f an ‘open’ atmosphere at z =  0, gives good agreement 
w ith  observed zero-degree p-mode frequencies. We would now like to  consider frequency 
shifts fo r such modes, wh ich w ill require some form  o f chromospheric model. I t  is to  this 
problem  we now tu rn .
6,3 F requency sh ifts
We consider f irs t an isotherm al non-magnetic chromospheric atmosphere in  z <  0, 
and investigate the effect on mode frequencies o f a change in the tem perature o f the model. 
Th is is the model described in  section 1.5.2; the forms o f Vz and V .u  are as given there, 
but w ith  kx now zero.
From equation (1.80) we thus find th a t solutions in terms o f V .v  can be w r itten
as
Q =  C3 exp
where
and
Q = p y ^ i v . v
2 _
z < 0, (6.23)
(6.24)
(6.25)
Thus, we again find a cu t-o ff effect; modes w ill only be able to  fo rm  at frequencies such 
th a t
Thus, in  z <  0,
since
V .n  = C3 exp
A " "
P o { z )  =  poo exp 75
I c l
75
2cg
(6.26)
(6.27)
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where poo is the equilibr ium  dens ity at z =  0 . Also, we find from  equation (1.83) th a t the 
form  o f Ug in  z <  0 is given by
C3
1/2 9 Poo ^ H -
exp (6.28)
We must now consider our interface cond itions at z =  0, as introduced in  sec­
tio n  1.5.1. In  th is  non-magnetic problem, these demand con tinu ity  across z =  0 o f the 
equilibr ium  pressure po, the vertica l velocity Vg and the tim e-derivative o f the Lagrangian 
pressure pe rtu rbation  pu-) which for this case is sim ply equal to  poc^V .u . The cond ition 
on con tinu ity  o f po tells us th a t
PolCql =  PooCq. (6.29)
From the forms o f Vg in  z >  0 and z <  0 given in equations (6.11) and (6.28), the 
cond ition on continu ity  o f Vg implies th a t
ci»’o ” * [ jm ( '’o ) Y „ ( r j )  -  Y „(ro )Jm (» ’<i)] = C3 Y m (r j) .  (6.30)
F i'om equations (6.16) and (6.27), con tinu ity  o f poc^V .n  across z =  0 implies tha t
— 2ciPoi,U) ZoTq  ^  ^ |^Jm-|-l(^p)Ym(^'(f) —' — ^SPqq (?'((). (6.31)
F ina lly, we can elim inate c% and eg between equations (6.30) and (6.31) to  obta in 
the dispersion relation
,PoL
Poo \/" " ^ 0  +  ^  ~  [jm -h l(l’o)Y,n(v*d) -  Y ,n + l( l ’o)Jm (l'c/)]
=  [jm (ro )Y m (rd ) -  Y m (ro )Jm (rd )]. (6.32)
Tak ing in to  account the cond ition (6.29) and perform ing some rearrangement, equation 
(6.32) becomes
, 1 /2Co
Col (c^  —  1 ^  + C [ j 7 n + l ( ' C o ) Y , 7 i ( 7 ' d )  —  Y „ 7 + i ( ? ' o ) J m ( l ’ r f ) ]
~  |jm ( l* o )Y 7 7 x (?’{/) Y ,j7 (7 ’o ) J m ( l * ( i ) |  ~  0
where
C =  ^ > 1 .2wco
(6.33)
(6.34)
163
0 - -
-5 -
- 10 -
-1 5 -
-2 0
0 21 3 4 5
Figure 6.3: Frequency sh ift (in  nHz) vs. orig inal frequency (in m Hz) induced by an increase 
in  chromospheric tem perature from  4170K to  4500K (smallest sh ifts), 5000K, 5500K and 
6000K (largest sh ifts).
The lim it  C —» oo brings us back to  the dispersion re lation (6.22).
Equation (6.33) is the dispersion re lation fo r modes formed in the system com­
pris ing a linear po lytrope model extend ing from  z =  0 to  a wall a t z overla in by an
isotherm al non-magnetic atmosphere. We can calculate mode frequencies from  the d isper­
sion re lation (6.33); these modes d isplay a sim ilar form  to  those calculated from  dispersion 
re la tion (6.22).
We can also calculate the changes in mode frequency introduced by a change in the 
tem perature o f the chromospheric model. F igure 6.3 shows the change in mode frequency 
induced by an increase in tem perature from  4170K to  4500K, 5000K, 5500K and fina lly  
6000K; the largest shifts are fo r the largest increase in tem perature. To produce the curves, 
we allow n to  vary from  0 to  the h ighest possible value such th a t the mode frequency is less 
than the cu t-o ff frequency, and p lo t the frequency shift against the orig inal frequency.
We see tha t the effect o f an increase in tem perature on zero-degree modes is sim ilar 
in  fo rm  to  tha t found for / 0 modes, but th a t the magn itude o f sh ifts is much smaller.
Th is is understandable, since the influence o f the chromosphere on modes occupying the
164
whole solar in te rio r is expected to  be less s ignificant than its influence on modes confined 
to  the outerm ost layers o f the Sun, as is the case fo r high-degree modes.
Th is is the only chromospheric model wh ich has as yet been applied to  th is prob­
lem. We conclude th is chapter by summarising its  find ings, and suggesting some furthe r 
apphcations o f th is approach.
6.4  D iscu ssio n
We have seen th a t a simple linear po lytrope model can reproduce the linear de­
pendence on n observed in  actual zero-degree p-mo des, and can give the mode frequencies 
reasonably close to  those observed. D ifferent values o f the poly trop ic  index in  can alter 
the mode frequencies found; th is feature could be explo ited to  g ive better agreement w ith  
the observations. We have also been able to  calculate mode frequency shifts fo r a simple 
chromospheric model. We see th a t for an increase in tem perature in the model, frequency 
shifts are o f a sim ilar fo rm  to  those found in the study o f / ^  0  modes; the magn itude o f 
the frequency shifts is, however, much smaller than fo r / 7  ^ 0  modes.
I t  should now be possible to  study the effect on zero-degree modes o f several 
d ifferent chromospheric and solar in te rio r features; some o f these poss ib ilities are discussed 
in  section 7.2.
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C hapter 7
C o n clu sio n s an d  fu rth er w ork
III th is Chapter, we summarise the ma in find ings o f the thesis. We conclude w ith  
a br ie f description o f some poss ib ilities fo r fu rthe r work suggested th is  thesis.
7.1 C on clu sion s
We now summarise the find ings o f the thesis, tak ing each Chapter in tu rn . 
C h a p te r  2
For an isotherm al chromosphere w ith  a uniform  horizonta l magnetic field, the 
cu t-o ff frequency is in fin ite , im ply ing  th a t modes may form  at a ll frequencies.
The critica l frequency fo r plasma motions in such a chromosphere depends on the 
pa rticu la r wave variable be ing considered. The processes o f reflection and refraction both 
operate to  trap  waves at frequencies above the acoustic cut-off.
In  the special case o f vertica l propagation, a singular form  o f behav iour described 
as ‘evanescent propagation ’ occurs. Again, there is no unique c ritica l frequency, contrary 
to  the find ings o f Musielak et al. (1992) and Stark and Musielak (1993); the la tte r paper 
apparently contains an error in  its derivation o f the critica l frequency.
C h a p te r  3
The effect o f frequency shift turnover observed in the l-5 m H z  range can be repro­
duced by simultaneous increases in tem perature and magnetic field strength in  an isotherm al 
chromosphere w ith  a uniform  horizonta l magnetic field.
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C hapter 4
The presence o f a tem perature grad ient in  the chromosphere can s ignificantly mod­
ify  the form  o f frequency shift curves, compared to  those found fo r an isotherm al chromo­
sphere. In  particu la r, the turnover effect is enhanced by an increase in  tem perature grad ient 
along w ith  simultaneous increases in  chromospheric magnetic field strength and base tem ­
perature.
The effect o f the chromosphere on p-mode frequencies may be viewed in  terms o f 
how ‘open’ or ‘closed’ the mode cav ity  is. R apidly evanescent forms o f wave m otion in  the 
chromosphere give a closed cav ity, less rap id ly  evanescent motions give a more open cav ity, 
and thus lower mode frequencies.
C hapte r 5
Wave trapp ing  by the increasing A lfven speed in an isotherm al chromosphere w ith  
a un ifo rm  magnetic field does allow the form ation o f high-frequency modes, th a t is, modes 
above the acoustic cu t-o ff frequency.
Frequency shifts o f these modes induced by simultaneous increases in  chromo­
spheric tem perature and magnetic field strength agree well in form  w ith  observed frequency 
shifts.
C hapte r 6
A  simple linear po lytrope model can yield mode frequencies which agree well w ith  
observed /= 0  mode frequencies. We may use the same model to  investigate the influence o f 
the chromosphere on such modes,
7,2 Further work
O f the areas o f study considered in this thesis, two are pa rticu la rly  suitable to  
fu rth e r investigation: high-frequency modes (Chapter 5) and modes o f zero degree (Chap­
te r 6).
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H ig h - f r e q u e n c y  m o d e s
Our study lias used an approx im ate eigenvalue cond ition to  determ ine mode fre­
quencies and thus frequency shifts in  th is high frequency range. I t  should be possible to  
develop an exact m athem atica l fo rm u la tion  o f th is problem. Instead o f using Langer solu­
tions in the in te rio r, we may find exact solutions to  the wave equation. These may be in  the 
fo rm  o f the confluent hypergeometric function  solutions given in  section 1.4.5, or we may 
find  s impler solutions by considering regions o f the in te rio r where certain approximations 
are valid, and then m atch ing the asym ptotic lim its  o f these solutions.
We should continue to  use a numerical treatm ent o f the chromosphere. However, 
fu rthe r investigation o f the behav iour o f the canonical equation in V .u ,  equation (1.24), 
may prove helpful, p a rticu la rly  since i t  has already given insight in to  the behav iour o f 
chromospheric wave m otions below the acoustic cut-o ff frequency. This may lead to  a fu ll 
physical explanation for the form  o f frequency sh ift curves in the high-frequency range. We 
should also consider the form  o f wave motions in the chromosphere in  an a ttem pt to  make 
comparisons w ith  observations o f wave motions in  th a t region.
I t  may prove useful to  consider the effect o f a non-isothermal chromosphere on 
h igh-frequency modes. Th is  may assist in  find ing better numerical agreement w ith  observed 
averaged frequency shift curves, pa rticu la rly  i f  the observational curves were presented in a 
way which took in to  account the /-dependence o f p-mode frequency shifts.
M o d e s  o f  z e ro  d e g re e
A  model has been developed describing zero-degree modes, and wh ich has been 
used to  study the effect o f an isotherm al non-magnetic chromosphere. We may now study 
the effect on these modes o f various other chromospheric and solar in te rio r features.
Prim e candidates are the chromospheric magnetic field and the strong magnetic 
field thought to  reside at the base of the convection zone; both  o f these effects could be 
investigated using this approach. We could model the firs t feature by using our fam ilia r 
isotherm al chromospheric model w ith  a uniform  horizontal magnetic field; in  th is study 
the results o f our investigation in to  vertica l propagation would be pa rt icu la rly  relevant. We 
could model the in te rio r magnetic field by specifying a magnetic region somewhere in  [0, z j\\ 
i t  may be simplest m athem atica lly to  specify an isothermal region containing a uniform  
horizonta l magnetic field in  the range [z„x,Zd], where 0 <  <  %. Such investigations
168
should help assess the relative im portance o f chromospheric and in te rio r magnetic fields in  
low-degree p-mode frequency shifts.
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A p p en d ix  A
E v a lu a tio n  o f  in tegra ls in  
B o h r-S o m m erfe ld  co n d itio n
In  th is Append ix we give fu rthe r deta ils o f the evaluation o f various integrals 
arising through the use o f the Bohr-Sommerfeld cond ition. Our procedure is to  present the 
in tegra l requiring evaluation, give the transform ation which yields an integrable form , and 
give the integra l form  used.
D e riv a tio n  o f s im p le  W K B  dispersion re la tio n  (section 1 .4 .4 ).
Here we consider the equation
/ k {z ) dz =  {n - - ) t^ , ( A . l)
J  Z\ Z
where
( i T ^  " ( T + lW  ” ’ (A3)
where
and where z\ and Z2 are the zeros o f We w ish to  evaluate the integral
rz2
1 =  K {z)dz. (A .4)
M ake the transform ation
s  =  1 -\- z / z q . (A.5)
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Then we may w r ite  equation (A .4 ) as
I
where s i and 52 are the roots o f
-  0,
(A .6 )
(A .7 )
Now
1/2
2 6 - / ^
thus
{A * -  452)1/2 
=  5 (s ) ;
I  =  F { s 2 ) - F { S i)
n=  kxZQ — — B
B  sin' A^s -  2B^a(A4 -  4B2)V2 (A .8)
(A .9)
7T. (A .IO )
Equations ( A . l )  and (A .IO ) then y ie ld the dispersion re la tion displayed as equa­
tion  (1.63).
D e riv a tio n  o f d ispersion re la tio n  for iso th erm a l m ag n etic  chrom osphere  
(section  3 .4 ).
Here we consider the equation
(n  +  o.')7r =  I l  - f I 2 .
The integra l 7% is given by /o
h  — k { z ) ( I z ,Jzi
where
cg -f n g e x p ( - z / / f )
( A . l l )
(A , 1-2) 
(A .13)
and z i is the zero o f in  z <  0.
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The in tegra l I 2 is given by
rz2
I 2 =  I  i^{^) dz, Jo
where
(A.14)
(A .15)
and Z2 is the zero o f in  z >  0.
Let us evaluate I 2 firs t. This is a simplified case o f the in tegra tion  carried out 
above. Under the transform ation (A .5 ), equation (A .14) becomes
'•«2 /  \
I 2 =  k
where and S2 =  A^.
Now
1 /2
rx^ O J — 1 I f/s.
Thus, from  equation (A .16),
I 2 ~  kxZ()A
To evaluate 7 i, make the substitu tion
,2
exp(—z / H )  — - ,
'0
Equation (A . 12) then becomes
r ( ih  =  k .H  r  f ^ - l )  ' ^ d s .1 / 2
where
and
5l =
Now
I y / 21 ~ d s  =1 +  s J s
C 2 - 1 ’
sm
52 = ,2  •
-  2a -  2
(A.16)
/  ds == s^/^(A^ -  s)^/^ -  i  sin  ^ ^1 -  2 s /A ^ ) . (A .17)
(A .18)
(A.19)
(A .20)
(A .21)
(A.22)
+  (C ^ - l) ^ / :^ lo g C ;,  (A .23)
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where
=  2(C^ -  -  a -  1)^/^ +  2C^a _  2a +  -  2. (A .24)
Thus, from  equation (A .20),
l>t/2 . n.
I l  = ------ (0  -  r )  log % -7 7 (A.25)
where r  — 'yk^H , a =  Vq/ cq and
^  -  ’■(! + -  4(1 + <t / 2) -
Equations ( A . l l ) ,  (A .18) and (A .25) then give the dispersion re lation displayed as 
equation (3.18).
D e r iv a tio n  o f d ispersion re la tio n  fo r th e  a lgebraic  fast speed pro file  (sec­
tio n  3 .5 ).
For th is problem we again consider equation ( A . l l ) ,  bu t w ith  a d ifferent form  for 
the in tegra l 7 i . Here,
where
K^(z) =
yO
h ~  n{z) dz, 
Jzi
o;2
and z i is the zero o f in  z <  0. Under the transform ation
a =  1 -  z / j 8 \
equation (A .26) becomes
h  =  5 ^ M 1  -
a 2d V ( i - t >2)
-  A2 - 1
1 /2
da .
where 7)^ =  oS^/klc^j^ and Si =  A 2 /(1  — 7)^). 
Now
1/2
da = sm -1 2(a -  A^)A 2 7 ) 2 / ( l - 7 ) 2 )
A2T>2 - ,1 /2
1 -  7?2 — (a  — A ^ )
(A .26)
(A .27)
(A .28)
(A .29)
(A.30)
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Thus we find th a t
2 ( 1 - A 4  _  ^
A 2 £>2 / ( 1  -  5 4
,2 \  1 /2
-  (1 -  ^ 7 ' ' ^  ( r ^  - 1  j  } •  (A-31)
A fte r some rearrangement, equations ( A . l l ) ,  (A .18) and (A .31) give the dispersion re lation 
displayed as equation (3.28).
D e r iv a tio n  o f d ispersion re la tio n  fo r th e  h yp erb o lic  tan g en t fast speed  
pro file  (section  3 .6 ).
For this problem we again consider equation ( A . l l ) ,  but w ith  a d ifferent form  for 
the in tegral 7 i . Here,
rO
h =  K {z)dz , (A .32)'01
where
4 + 4 t a n h ( - ^ / 5 2 _ £ ) 2 )  (A-33)
and z i is the zero o f in  z <  0. Under the transform ation
5 =  1 -|— 2 t^ a h (—z/ — 7)^), (A .34)
equation (A .32) becomes
/■« / ' '
A .  I s  *7 f  -  (s -  1)2
r ’ 2 /  R2 \  1/2 ,
^’ =  ^ 7  ( T - 7  ^ 2 * .  (A-35)
where
=  C p /c f, (A.36)
and
Si =  sg =  1 — tanh 7)^. (A .37)
Now
r ( E ^  y / "  1   5 "  +  - _1___________ , _
J \ S  J F4 -  (a -  1)2 2 F 2 (f4  _  772 +  7 7 2 ^ 2  _  2F2 +  l ) i / 2
~ E '^ -h l  - 1  /T
+  2 F ^ (F ‘^  -  7 2  -  F^F2 +  2F2 4 - 1 )1/2  (A.38)
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where
and
(F2 +  2F^ -  2)(F2 4- s -  1) -  2F^ +  2F^ -  2F ^F ^ +  4F^ -  2 
(F2 +  a - l ) F 2
( - F 2  4- 2 F 2  4- 2 ) (F 2  -  a -  1 )  -  2 F 4 4 . 2 ^ 2  4- 2 F ^ F ^  -  4 F ^  -  2
(F2 -  a +  1)F2
Thus after some lengthy algebra we find th a t
7T 1 . _ i ^  ■ - - - s m
(i?2 „  £?2 _  1)1/2
(F2 +  1)1/2
where
— -  -  sin  ^ I , (A .39)
and
Y _  1 I 2 (5 ^  -  1 ) 2 ( 5 2  _  i ) ( jp 2 +  5 ^ - 1 )
'  £ 2 7 r 2 ( i_ ta n h 5 4  ’
^  , 2 ( 5 2 - 1 ) , 2 ( 5 2  +  1)(52 _  £2 +  1)A ]  =  1 --------------------- 1------------------  ---F2 F 2 F 2 ( l4 -ta n h D 2 ) '
Equations ( A . l l ) ,  (A .18) and (A .39) then give the dispersion re la tion displayed as equa­
tion  (3.32).
E v a lu a t io n  o f  L a n g e r  s o lu t io n  v a r ia b le  f i ( 0 ) ( s e c t io n  4 .2 ,5 ) .
We wish to  determ ine the value o f the variable t \ { z )  at the po in t z =  0. The form  
o f f i ( z )  depends on the sign o f z\ as follows:
^ [ f i ( 0 ) f / ^  =  [-K ^ (w )]^ /^d w , z i >  0, (A .40)
| [ - f i ( 0 ) ] ^ / ^  =  J  K.{io)dw, %i <  0, (A.41)
where
where
1 +  z/zo  (1  +  z /z o ?  ^ I ’
42  _  ^  _ 2  _  m (m 4 -2 ) (A.43)
and where z i is the zero o f k? near z =  0 .
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Let us consider the case where z i <  0. In  th is case we may use the transform a­
t ion  (A .5 ) and the in tegra l (A .8 ) to  find
2 - A2
(A4 -  4 F 2 ) i/2  
When zi >  0 we m ust evaluate the integral
1 =  £  [ - k \ z ) £  dz.
Under the transform ation (A .5 ) equation (A .45) becomes
A2 -  2J52
(A4 -  4J?2)1/2
Now
/ ( - A2
I  =  k
1 / 2
x^O J 1 ----------1---- 5" 1 CIS.s
-I— ^  j ds =  (s^ -  A^a - f 7?^)^/^a a
■^A^ log [2(a^ -  A^a A B ^) +  2a -  A^]
2F(a2 -  A^a +  7)^)l/2 -  A^^a +  2B^- B lo g
A fte r some algebra, we find from  equation (A .46) tha t
[< i(0 ) f/^  =  +  2 B ) lo g (A “ -  4 5 2 ) _  ( i  _  ^2  +  £2)1/2
[yl2 -  2 -  2(1 - A ^  +  52)1/2]
+  5  log [2 5 ( 1 -  ^2  +  52)1/2 _  ^ 2  ^  2 5 2 ] I .
(A .44)
(A.45)
(A.46)
(A .47)
(A .48)
We use equations (A .44) and (A .48) to  evaluate i i ( 0 )  fo r use in the mod ified 
Bohr-Sommerfeld cond ition.
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